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Introduction 



Oriented Riemannian geometry in dimension 4 has some special features coming from 
the action of the Hodge operator. The consequent decomposition of the Weyl 
conformal curvature tensor gives rise to the notion of self-dual Riemannian 
4-manifolds, and this allows to establish the Penrose twistor construction with its 
remarkable link with 3-dimensional complex geometry [IJ. The twistor correspondence 
has been extended to quaternion and quaternion Kahler manifolds M^", n > 2 f29] . 
[23], and several motivations lead today to recognize that self-dual Einstein metrics 
(SDE) are for n = 1 the most appropriate choice for the quaternion Kahler condition. 
One of these motivations comes from the Galicki - Lawson quotient construction in 
[T3] and [H]. Namely the reduction procedure of a quaternion Kahler metric leads 
automatically to a SDE metric when the quotient has real dimension 4. The classical 
theorem by N. Hitchin in [17] reduced to S"^ and CP^ the only compact SDE smooth 
Riemannian manifolds with positive scalar curvature s > 0. However, there are several 
examples of 4— dimensional SDE orbifolds 0^ with s > 0. In order to construct these 
examples, quaternion Kahler and 3— Sasakian reduction techniques are currently the 
most powerful tools. 

For any quaternion Kahler manifold M^" of positive scalar curvature s > 0, the 
following diagram of fibrations is consistent with the reduction construction: 



III 



IV 



Hyper Kdhlerian— Cone 

C(S«) 



Twistors 2.4n+2 



g4n+3 3—Sasakian 
Bundle 



SO (3) 



Quaternion— Kdhler 



Consider an isometric action of a group G on the 3— Sasakian manifold §^"+^, then we 
can define the 3-Sasakian moment map //§ : 8^"+^ (LieG)* xR^ = q* x R^. If we 
assume both that is a regular value of /x§ and G acts freely on /ig^(O) C 8^"+^ then 
the quotient /ig^(0)/G is a smooth 3— Sasakian manifold of dimension 4(?t, — dimg) + 3. 
Under some technical hypotheses we can reproduce this kind of construction on each 
space involved in the fibrations 



g4n+3 _^ 2,4n+2 



4n 



(1) 



then, the mentioned reduction construction can be carried out. 
Now, we give an example of [/(I)— quotient reduction. The diagram below describes 
all the homogeneous circle quotients given by the U{1) left multiplication on H""*"^ ( 
C/(l) X H"+i 3 {p,u) ^ pue M"+i). Then we have 

m 



H"+i\{0} 



g4n+3 



\ 



t(C) 



(^p2n+l 



where 8 



HP'' 

^(n+l) TV^C(8), Z 



t/(n+l) 



z 



t(H) 



s, 



\ 



(2) 



U{n-\)x.U{\) ■ 



!7(n-l)xC/(l)xC/(l) 



and t(F) := f^,F = M,C,H. 



V 



Actions of tori Tq ^ C Sp{n + 1), with weight matrix 0, on the Hopf fibration 



^4n+3 _^ (Cp2n+1 _^ jjpn 



(3) 



produce quotients hke: 



(4) 



where 0^ is a compact SDE orbifold with positive scalar curvature s > 0. Now, we 
give some details about this kind of actions and the related reduction constructions, 
then we state two remarkable results which involve these facts. By varying the integer 
matrix of weights 



\ 



v 



n— 1 

h 



n—l 



''n+l 



''n+1 



„n-l 
n—l times 



e M„_ixn+l(Z), 



(5) 



we get different actions of tori Tq~^ ^ x x . . . on HP". In particular, one can 
act with Tq"^ by left multiplication on the quaternionic vector column u — {ui,U2, ■ ■ ■ , 
Un,Un+i) e 1HI"+^ by a diagonal matrix 



1 ia=l 



V 







n 



n-l 



(6) 



where (ti, . . . , r„_i) & x . . . x ^ '^e~^- Choices of admissible weight matrices © 
produce quotient of 5'^""'"^ that are smooth 7— dimensional 3— Sasakian manifolds 
M^(©). The corrisponding quaternion Kahler quotients give orbifolds 0^(0). This 
costruction allows to prove: 



Theorem 0.1 (Boyer-Galicki-Mann-Rees, 1998) There exist compact, T^— symmetric, 
self dual Einstein orbifolds (0^, h) of positive scalar curvature s > with arbitrary 
second Betti number. □ 



VI 



The following inverse statement holds: 

Theorem 0.2 (Bielawski, 1999; Calderbank-Singer, 2006) Let {0\g) be a compact SDE 
orbifold with positive scalar curvature s > and two commuting Killing vector fields. 
Then {0^,g) can be obtained as quotient o/HP" by the action of a torus Tq^^.D 



Let us consider another interesting weighted action of the torus T@ C SO{n + 1) C 
Sp{n + 1) on E["+^, where k := [^^], defined by a 2 x 2 block diagonal matrix A{Q) 



( 



\ 










































\ 



( 



or 



\ 










\ 





A{Q{) 


























(7) 



(according to wheter n is even or odd), and := A{Qa 



cos 9a sin 9a 
—sin 9a cos 9a 

where 9a — Yl^=i '^T^h k £ [0, Stt), and the integer weights of are contained in ©. 



Moreover, we can obtain another natural quotient by using the action of 5*^(1) via left 
multiplication on 5^"+^ C and HP": 



Gr4(IR"+i):= 



3 Sp{l) 



SO(n+l) 



50{3)) 



SO{n + l) 



(8) 



50(n-3)x5p(l) SQ(^^ _ 3) X ^0(4) ' 

As we will see in a moment, these quotients can be used to obtain 4— dimensional SDE 

orbifolds. In fact, if we assume n = 6, the S'p(l)— quotient is the 12— dimensional 
Gr4(M^), and a further quotient is provided by the following statement. 



Theorem 0.3 (Kobak-Swann, 1993) The diagonal subgroup 

U{1) C C/(3) C 50(7), 



(9) 



acts on GrA 



and the quaternionic Kahler is an 8— dimensional, compact, SDE orb- 



ifold Z3\G2/SO{4). □ 



VII 



Together with the corrisponding 3— Sasakian quotient, this gives [20] : 

§15 s 

. s 

.27 spm SO (7) 



HP' 



.6 spm 



50(3) X Sp{l) 

SO(3) I 

SO {7) 
50(3) X 50(4) 

^ V ' 

^Gr4 



urn 



Z3\G2/Spil). 
SO(3) I 

Z3\G2/50(4) 



(10) 



The above quotient construction admits interesting generahzations. In fact, the 
construction in ( fTOl) can be "deformed" by introducing weights for the ?7(1)— action in 
theorem 0.3 |19J, and these weighted actions provide new examples of quotient 
orbifolds. Namely, consider the weighted action of = U{1) C 50(7) or = U{l)x 
f/(l) C 50(7) on 5^7 C If, where is either: 



( Pi P2 P3 ) e Mix3(Z), or ^ 



Pi P2 P3 



e M2x3(Z) 



qi q2 qs 

Then, according to the definitions given in (JSj) and (JTj), we have: 



(11) 



Aa := A{uJo 



COS ijJa Sin ijJa 
— sinUJn COSUJn 



e f/(l). 



(12) 



where Ua is either pat or pat + qaS with t, s G [0, 27r), a G {1, 2, 3}, and the matrix: 



1 1 














A{uJi) 














A{UJ2) 





Vo 








AM. 



e 50(7), 



(13) 



acts on 5^'^ C H'^ by rotating pairs of quaternionic coordinates {u2a,U2a+i), « G {1, 
2,3}. The following result holds 



Theorem 0.4 (Boyer-Galicki-Piccinni, 2002) Consider the sphere 5^"^ C If , then we 
have: 



VIII 



a) for any non zero triple of weights Vt = {pi,P2,P3) ^ there is an isometric action 
of Sp{l) X Tq on the sphere S"^"^ C H'^. If < pi < p2 < Ps with gcd{pi ±p2,pi ±^3) = 
1, then the Hopf fibration S'^'^ MF^ gives as quotient 



g27 _ 



















where M^^ is a smooth 3— Sasakian manifold and O'^(fi) its quaternion Kahler leaf 
orbifold. 



h) Let Vt G M2x3(Z) he such that each of its 2x2 minor determinants Aajs does not 
vanish. Assume their sum does not vanish and that none of these three determinants is 
equal to the sum of the other two. Then the quaternionic Kahler quotient ofMF^ by 
G = Sp{l) X is a compact SDE A— dimensional orbifold with positive scalar 
curvature s > and with a 1 — dimensional group of isometrics. □ 

We denote by 0^(i7) the orbifolds obtained as quotient by the action of G = Sp{l)y. 
T2 on c H^. 

First examples of compact self-dual Einstein 4— orbifolds of positive scalar curvature 
were constructed by Galicky and Lawson via quotient reduction similarly to those 
obtained as symplectic quotients in [Tl]. Currently, known examples of such orbifolds 
can be divided in three groups: 

(a) The 5'0(3)-invariant, cohomogeneity one orbifold metric on discovered by 
Hitchin [18j. 

(b) T^— invariant toric orbifolds metrics constructed by Boyer, Galicki, Mann and Rees 
[To] ( Theorems 0.1, 0.2) as quaternionic Kahler quotients 

(c) 5*^— invariant orbifold metrics of: Galicki-Nitta [15j, Boyer-Galicki-Piccinni |9] and 
the ones we describe in this thesis. 



IX 



We indicate as compact positive toric self-dual 4— orbifolds {0,g) the orbifolds 
obtained as a quaternion-Kahler reduction of some HP" via an action of some 
(n — l)-torus subgroup of Sp{n + 1). Note that, the orbifolds mentioned in theorem 0.1 
and 0.2 are toric, instead the ones in theorem 0.3 and 0.4 are not toric. Galicki and 
Nitta [15] gave the first examples of compact positive self-dual 4— orbifolds which are 
not toric. In particular, they constructed one of these examples for each non-Abelian 
subgroup of 5*^(1). The examples provided by theorem 0.4 are not toric but they are 
very different from those one of Galicki and Nitta [IS], in fact in the former case all the 
orbifold uniformazing groups are Abelian. 

The starting point of this thesis is to note that actions of the type described in 
theorem 0.4 can be considered on any quaternion-Kahler Grassmannian ( look at 
diagrams ([H]) and (fTUjl ) 

rr (M^+^] ^ S0{n+1) 

^''^^ >- S0in-3)xS0iAy ^^^^ 

whose real dimension is 4(n — 3). Therefore to end up in dimension 4 a (n — 4) — 
dimensional torus is needed. Since the maximal torus in SO{n+ 1) has dim = [^^], in 
order to be able to consider such an action with weights we need 

'n + 1" 



n-4< 2 

This gives, according to whether n + 1 is even or odd 

n -\- 1 . n 

n — 4 < or n — 4 < — 



(16) 



2' 



1. 6. 



n < 9 < 8. 

or 

{n + 1 even) (n + 1 odd) 



(17) 



Thus the only possible cases are 

Gr4(M^) = Gr2(C4), Gr^iW'^), and G'r4(M^). (18) 



The first two cases in ( JT8l) have been examined in [TO] and [9], respectively. 



X 



The present thesis is essentially devoted to the third case and to its comparison with 
the orbifolds construction in [9j. 

We describe now the main results obtained. Consider the Grassmannian G'r4(M^), 
acted on isometrically by a 3— torus Tq C C 5*0(8) C Sp{8), where 6 is a weight 
matrix of the type defined in ([7]). Equivalently, consider the action of G := Sp{l) x Tq 
C Sp{8) on the the sphere S^^ C H®, where 5^(1) acts by left multiplication and the 
Tl— action is defined via the matrices 



A{Q) 











\ 
























V 








^4(t,s,r) / 



where 



Aa — Ao^it^ s, r) 



COs{pat + QaS + Lr) sin{pat + QaS + laV) 
-Sin{pat + QaS + /^r) COs{pat + QaS + laT) 



and the weights are collected in the matrix 

/ 

e := 



Pi P2 P3 Pa 
Qi q2 qs 
y li I2 I3 h 

We prove in this thesis the following statements, referred to as theorems A, . 



\ 
I 



(19) 



(20) 



F. 



Theorem A Let G M3x4(Z) he a non null integral matrix, such that each of its 
3x3 minor determinants 



A, 



a/37 



Pa Qa I'a 

Pf3 qp k 



l<a</3<7<4, 



(21) 



XI 



does not vanish. Moreover, suppose that these minor determinants Aq,^^ are such that, 
the further determinants 



l±2r-|ld=4 
'-'l±3 



Pi ±p2 qi± q2 h ± k 

pi ±p3 qi± qs h±h , (22) 
Pi ± p4 qi± g4 h ± U 

are all non zero. Then for each such a matrix which satisfies these properties, there 
exists a compact SDE A— dimensional orbifold 0^(6) with positive scalar curvature and 
a 1— dimensional group of isometrics. D 

Recall that the twistor space 2.^(6) is the S'^ bundle over the riemannian orbifold 
0^(0) that parametrizes its local almost complex structures. Consider the group 
G :— G X U(l) = Tq X Sp{l) x U{1), which is a subgroup, up to the central Z/2, of 
Sp{8) ■ Sp{l) C 50(32) = Isom{S^^). Then, look at the action of G on A^(e) = 
/x~^(0) n i^'^{0) ( where /i and u are the moment maps of Sp{l) and T@, respectively) 

$ : r| X Sp(i) X u(i) X N{e) — > N{e), 

{(A(e), X, p); (z,w)) ^ mA{e), X, p)) {{z,w)), 

where 



mA(e),x,p)){(z,w)) ■.^A(e)x 




(23) 



Here we have identified x = by using the relation Za + jw^ G x 
for each a e {1, . . . , 8} and {z, w) :— u — {ui, U2, ■ ■ ■ , u^, Us) G H^. The twistor space 
Z^{Q) will be thought as the leaf space of the G— action on the manifold N{Q). By 
considering together the singular locus of the 3 — Sasakian orbifold M^(©) and the 
singular locus of the twistor space Z^{Q), we give the following descriptions of the 
singularities of the quaternion Kahler orbifold 0^(0). 

Theorem B Let 2,^(0) be the twistor space over the SDE orbifold 0^(0). Then, 
depending on the minor determinants A^^^ and ^^^D}^!, the singular locus S(0) of 
2.^(0) consists of 



XII 



1) one isolated 2— sphere , whose isotropy, up to the non effective subgroup, only 
depends on one of the determinants i±2|--|i±3 , 



2) eleven disjoint 2— spheres S"^ . These are obtained from the following G— strata 
with respect to the action of G on ) 



123 Q 



a) 

h) Sf^ := G 



c) S}^^ := G ■ 



d) ~Sf^ := G 

e) Sf, G ■ 

f) Sit G ■ 
9) S'^ ■■= G ■ 







Zl Z2 







Z3 Z4 



Z3 Z4 



W3 W4 

Z3 Z4 




Z5 Zq 





Z5 Zq 



Z5 Zq 





z-i 


Z2 


Z3 


Z4 




















W5 


Wq 



Zl Zl 



Zl Z2 








W3 W4 





W5 We 

Z5 Zq 






(24) 



Each of these strata intersects N{Q) and S^^'^ fl N{Q)) is formed by two connected 
components which gives two S strata for the G— action on N{Q). Instead, each of the 
S'^g n N{Q) is connected and provides exactly one strata S of N{Q). Moreover, we 
have that S/G = and for each of the 2 — spheres linked to one of S'^^^ the isotropy 
only depends on one of the minor determinants ±Aq^^, for the remaining cases the 
isotropy dipends on a linear combination of Ac^^^; 

3) three sets of points such that, for each of them, the respective points are joined by 
one of the 2— spheres S"^ = S^^ n N{Q) j G. Each of these sets consists at most of four 
points. 



XIII 



In the case when some of the minor determinants Aa/sj and Di.^^ assumes values 
±1 or when the isotropy, associated to some of the points mentioned in 3), vanishes, 
then the singular locus S(0) is obtained by removing from the above list the sets whose 
isotropy depends on the mentioned determinants. □ 



Theorem C The singular points of the 3—Sasakian orbifold M^(©) come from the 
singular strata S of N{Q), which are obtained by intersecting N{Q) with the following 
G— strata S ofM^, and the ones which can be obtained by changing (w'ljwi^) with 



a) 
b) 
c) 
d) 



71234 



si'' 





Z2 


Z3 


Z4 


Z5 


Z6 




W'2 




W4 








z& 




e) Sli : 



9) Sit ■■= 



Zl 


Z2 


zz 


Zi 


Z5 


z& 


Zl 


zs 


w[ 


w'2 




W4 


< 


< 






Zl 


Z2 


Z3 


Zl 


Z5 


z% 


Z7 


zs 


w[ 








W5 


^6 




< 


Zl 


Z2 


z-i 


Z4 


Z5 


z% 


Z7 


zs 


< 


w'2 


< 




< 


< 







Zl 


Z2 


Z3 


Zi 


Z-, 


z& 


z-j 


^.\^ 


w[ 


w'2 


w'i 


w'i 


< 


w'i 


w'i 


< 1 1 



(25) 



XIV 



where 



(W2c,_i, := — (- Z2a+ iZ2a-\ COS V?, ^2a-l + «^2a COS if) , 

sm if ^ ' 



and 



i^'L-v'^'L) ■= — {- Z2a- iZ2a-l COS if, Z2a-1 - iZ2a COS if) , 

(26) 

vje can suppose sirup ^ 0. Here, the element A = e + jcr G 5*^(1) is "written as e = 
cos 6 + i{sin6cos (f) and a = sinOsimpcos 5 + i{sin9sin(psin5). Then, each stratum S 
in ( fg5l) generates a singular point (Sfl A^(6))/G G M^(0) whose isotropy only depends 
on one of the minor determinants ^^^01^4 . □ 

By referring to the orbifolds 0^(J7) constructed in we prove also: 

Theorem D Let Z^{VL) he the twistor space over the SDE orbifold 0^{Q). Then, 
depending on the minor determinants Aap and the singular locus C 

consists of 

1) one isolated 2— sphere , whose isotropy, up to divide by the non effective sugroup, 
only depends on one of the determinants 

2) six points. These come from the following strata ( respect to the action of G on H''') 



XV 



+Sf := G ■ 



a) 

h) -Sf := G 



c) 
d) 

e) 
f) 



-Sf := G 



-Sf := G ■ 



+Sf := G ■ 
-Sf := G ■ 






Z2 


Z3 


2^4 


Z5 







° 1 

















We 




































We 


-iwe 

















^6 


:) 













ML' 


4 








Z2 Z-s 







W4 





-iW4 













^4 


Z5 


^6 




W2 

























Z4 


2^5 









W2 


-iw2 











h 



(27) 



Each of these strata intersects the submanifold N (Q) . Then, the G— strata of N{fl) are 
given by S^^ :— "^S^^ fl N{fl) and each of the quotients 



^sf n N{fi) 

G 



(28) 



is a point ( here G — Sp{l) x Tq x U{1) ). Moreover, for each of these points the 
isotropy only depends on one of the the minor determinants iAa/j. 

In the case when some of the minor determinants Aa/s and assume values ±1, 

the singular locus S(r2) can be obtained by removing from the above list the singular 
sets whose isotropy depends on one of the mentioned determinants. □ 



Theorem E The singular points of the 3—Sasakian orbifold M^(r2) come from the 
singular strata S of N{Q), which are obtained by intersecting N{fl) with the following 
G-strata S oflf { here G = T^x Sp{l)) 
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a) 
b) 



123 



s 



si' 



si' 






Z2 


Z3 


Z4 


Z5 









W2 


W3 


W4 




Wq 





d) 

e) 
f) 
9) 
h) 



23 ._ 



Si 



'-'23 •" 



'-'13 



12 



S 



123 




(29) 



where 



[W2a,W2a+l, 



sm ip 



and 



AS 



[W2a,W2a+lj 



Z2a+1 + iZ2a COS ip, Z2a + iZ2a+lC0S if 



- Z2a+1 - tZ2aC0S (f, Z2a - lZ2a+lC0S Lp 



(30) 

only depends 



with simp ^ 0. Moreover, the isotropy associated to the G— strata in ([ 
on the determinants Oi±s- ^ 

By comparing theorems B,C,D and E we conclude: 

Theorem F The SDE orbifolds O'^(fi) and O'*(0) give rise to distinct families at the 
twistor and 3—Sasakian level. □ 
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Chapter 1 

The Quotient Orbifolds O'^(e) 



As mentioned in tlie introduction, this thesis presents new examples of compact 
orbifolds 0^(G) which admit a self-dual Einstein metric of positive curvature s > 
with a one-dimensional group of isometrics. We refer to the articles by S.Salamon, C. 
Boyer and K. Galicki, C. Le Brun [24J for all preliminary notions on quaternionic 
Kahler, 3— Sasakian and 4— dimensional Einstein Manifolds and for the related 
quotient constructions we are going to use throughout the present work. 
In this chapter we construct these examples as quaternionic Kahler reduction of the 
Grassmannian Gr4(M^) by an isometric action of a 3— torus Tq C C SO (8) C Sp{8) 
where 6 is a weight matrix. The starting point is to revisit a quotient construction by 
Kobak-Swann in the context of 3— Sasakian geometry. We are going to examine the 
action of Tq x Sp{l) C 5*^(8) on the sphere S^^ C via left multiplication. Then we 
get the following 3-Sasakian and quaternion Kahler quotients 



§15^ 

. ^ V 

031 SOjS) ^ 

^0(4) X Sp{l) ^ 

S3 I SO(3) I SO{3) I (1,1) 

J SOjS) ^ 

^ S0{4) X ^0(4) ^ 

^ V ' 

^Gr4 



We will prove the following statement ( Theorem A of the introduction) 



1 



2 



Theorem 1.1 Let G M^^a be integral 3x4 matrix such that each of its four 
3x3 minor determinants 



Pa Qa la 

P'y ^7 ^7 



1<q;</5<7<4, 



(1.2) 



1±2|--|1±4 ._ 



1±3 



;i.3) 



does not vanish. In addition we suppose that the A^/j-y are such that also the minor 
determinants 

pi ±p2 qi± q2 h ± h 
Pi ±ps qi± gg h ± k 
Pi ± p4 qi± 54 h ± U 

do not vanish. Then for any such there exist a compact A:- dimensional orbifold 
0^(0) which admits a self-dual Einstein metric of positive scalar curvature with a 
one- dimensional group of isometrics. Moreover , this metric can he constructed 
explicitly as quaternionic-K'dhler reduction of the symmetric quaternion K'dhler metric 
on the Grassmannian Gr^i^) by an isometric action of the 3— torus Tq defined by the 
weights matrix 0. 



As already mentioned in the introduction, actions of this type can be considered on 
any quaternion-Kahler Grassmannian 



Gr, 



S0{n + 1] 



S0{n-3) X 50(4)' 

whose real dimension is 4(n — 3). Therefore to end up in dimension 4 a 

{n — 4)-dimension torus is needed. Since the maximal torus in SO{n + 1) has 

dim — [^^] , in order to be able to consider such an action with weights we need 

'n+ 1" 



;i-4) 



n 



4 < 



(1.5) 



This gives, according to whether n + 1 is even or odd 
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1. e. 



n + 1 . 

n — 4 < or n — 4 < — , 

2 2' 



n < 9 n < 8. 

or 

(n + 1 even) (n + 1 odd) 

(1.6) 



Thus the only possible cases are 



Gr^iR^) = Gr2{C^), Gr^iR'^), and Gr4(M^). (1.7) 

The first two cases in (11.71) have been examined in and [9], respectively. The 
present work is essentially devoted to the third case and to its comparison with the 
orbifolds construction in 19J. 



1.1 The action of Sp{l) x r| on N{e) 

Consider the group G = Sp{l) x T@ as a subgroup of the 3-Sasakian isometrics of the 
sphere ^^i. Por any triple of weight vectors 9 := (p, q, 1) G © Z| © = M3x4(Z+), 
define the action of the 3-torus Tq = f/(l) x f/(l) x U{1) on S^^ in the following way 



/ ■.[0,2nf ^T^ C S0{ 



f{t,s,r) 













;i.8) 



where 
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A^{t,s,r) = 



(1.9) 



COs{pat + Qa-S + Lr) sin{pat + Qa-S + /^r) 
-Sin{pat + QaS + Lr) COs{pat + QaS + /af) 

and q; e {1, 2, 3, 4}. Consider the moment map // : 5"^^ ^ sp(l) (8) = associated 
with the diagonal action on the left of Sp{l) on S^^ C and the moment map 
1/ : S^''- ^ u{l)^ <S> R^ associated with the action of T@ = C/(l)^ just described. 
The moment map /i is given by 



^UakUa) e 5p(l) 



a=l 



a=l 



a=l 



where m e 5"^^ C H^, and 



(1.10) 



i/(u) 



\ Z)t=l^"(«2a-l«2a -«2a«2a-l) / 



e U(l)= 



;i.ii) 



Remark 1.1 The submanifold yU~^(0) can be identified with the Stiefel manifold of 
oriented orthonormal 4-frames in M.^. Accordingly, we describe the elements of A^(0) 
:= ^"-^(0) nz/~^(0) as 4 X 8 real matrices u := {ui,U2, . . . ,Ui,Ug) whose columns Ui can 
be thought as the coefficients of a quaternion respect to the base {1, i,j, k}. Of course 
the matrix u has rank = 4. □ 

Definition 1.1 Any pair {u2a-i,U2a) £ HxH, a G {1,2,3} of quatemionic coordinates 
of u & S^^ C will be breafiy called a quaternionic pair. 



Lemma 1.1 Suppose that all the minor determinants 

Pa Qa 

^apj = Pp qp If) , 1 < a < /3 < 7 < 4, 



(1.12) 



do not vanish. Then there is no element u of N{Q) with a null quaternionic pair. 
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Proof. It is sufficient to assume {uy, ug) as a null quaternionic pair on some point of 
A^(e). Let e be the integral 3x4 matrix of the weights (p, q, 1) G Z| © © Z|. Let 



Xa '■= U2a-iU2a — U2aU2a~i, « ^ {1, 2, 3, 4}, and rewrite //(n) in the following way 

/ 



/ 
\ 

Thus 



Pi 

U 



I 



Pi P2 P3 

qi q2 qs 

\ h h h 



Pa 
q4 
U 



V[U] 



f 



P4 

q4 

k 



\ 
I 



=e 



\ X4 / 



;li3) 



I 



A 





0/ 



V / 



+ 



^ P4X4 \ 
^4X4 

y ^43^4 J 



;i.i4) 



Since det. 



det 



A123, the equation z/(u) = can be written as 



-1 



Xi 

X2 
\Xs J 

Hence the intersection N{&) fl {u-j 



( P4X4 \ 



q4X4 

\ kxi j 



( C.^Xa \ 



Ms 



C1X4 
C2X4 

y C3X4 J 

0} is described by the following equations 



L15) 



M3U4 — M4U3 = C2(U7U8 — UsUj) 

. Yll=lUa(^Ua = 0, 
6 



0, 
0, 
0, 



UIU2 = U2UI, 
U3U4 = U3M4, 

^6 



;li6) 



where fJ,{u) = (X]a=i^a^'"a)l{o-=j,j,fc}5 is the moment map of the Sp{l) action. From 
equations f ll.l6p we get Im{u2a-iU2a) = 0, a G {1,2,3}, and hence U2a~iU2a ^ I^- 
Moreover, from equations f ll.l6p we see that we can always assume, up to a scale, that 



Ur 



, M^, M^, belongs to Sp{l). The maps 



:5p(l) X Sp{l) 

{u2a-l,U2a) I 



■Sp{l), a G {1,2,3}, 

U2a-lU2a ^ M 



;i.i7) 
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are well defined by the previous facts. Thus we have that the real numbers ^20-1^20 
belong to the sphere = Sp{l) so that the only possibility to have U2a-iU2a = ±1 is 
U2a-i = =tw2a, « G {1, 2, 3}. It follows that a real 4x8 matrix u G A^(B) cannot 
satisfy at the same time all the equations fll.l6p . because the first three equations give 

us that the columns U2a-i = ^(^^L-i^ ^^L-i^ «L-i^*L-i) and U2a = ^(^^L^ ^^L^ "L^^D 
of each quaternionic pair are proportional to each other: 

^(M2a-i>wL-i>wL-iwL-i) = da^iu2a,ul^,ul^ulJ, G M\{0}, Va G {1,2,3}. 

(1.18) 

Then the matrix u has at most rank = 3 and it does not describe any 4- frame in M^. 
The consequence is that the A^(6) fl {uy = Ug = 0} is empty. □ 



Proposition 1.1 The action of G = Sp{l) x T@ on N{Q) is locally free if and only if 
all the followings determinants 



and 



do not vanish. 



A 



a/37 



Pa Qa la 



l<a</5<7<4, 



l±2r-|l±3 
'-'l±4 



Pi ±p2 qi± q2 h ± h 
pi ± qi± gs h ± I3 
Pi ±pi qi± 94 h ± k 



;i.i9) 



Proof. By lemma 1.1 the condition A^/j^ 7^ insures that A^(B) has no points with a 
null quaternionic pair. Then the fixed point equations can be written as 



AaiPat + qaS + ^r) 



U2a-l 
U2a 



6q. (^a 



U2a~l 
U2a 



A 



U2a^l 
U2a 



;i.2o) 
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a G {1, 2, 3, 4}, where a„ = cos 9a, ba = sin 9a, 9a = Pat + QaS + /a^, t,s,r & [0, 27r) 
and A e 'S'p(l). For each a = 1, 2, 3, 4 we get 

(^0^20-1 + baU2a = A'U2a-l, 
— 6Q,M2a-l + <la'U2a = ^^20, 

and by multiphng on the right the first equation by 1*20-1 and the second by U2a we 
have 

I 1 2 \ I 1 2 

001^20-11 + baU2aU2a-l = ^\U2a~l\ , (122) 
-baU2a-lU2a + aa\u2a\^ = A|M2ap. 

Then 

ai{\u2a-l\^ + \u2a\'^) + bi{u2aU2a-l " U2a-lU2a) = Adliaa-ll^ + \u2a\'^), « ^ {1, 2, 3. 4}. 

(1.23) 

Under our assumptions there are no null quatcrnionic pairs, and the term multiplying 
A on the right-hand side of this equation never vanishes. This gives 

Re{X) = Qa, Im{\) = ha^, (1.24) 

for each a e {1,2, 3, 4}. The first of these equation gives 

Oi = 02 = as = 04, (1-25) 

and combining this with + 6^ = 1 we get 

61 = ±62 = ±63 = ±64. (1.26) 

These conditions give 

^iipit+qis+hr) _ Q±i(p[it+q3+l3r) (1.27) 
^i{pit+qis+lir) _ g±i(p4t+g4S+Ur) 

Let us rewrite these equations in the following way 
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(pi ±P2)t + {qi ± q2)s + {h ± /2)?^ = 2/if27r, 
(pi ± p4)t + (gi ± ^4)5 + (/i ± /4)r = 2hf^7i, 



'1.281 



where /iq,/3 G Z. The equations fll.28p describe eight systems in the (t, s,r) variables. 
We want all eight of them to have at most discrete solutions. This requires that all the 
eight determinants 



lit2rnl±3 
'-'l±4 



Pi ±p2 qi± q2 h ± k 
pi ±p3 qi± qs k ± h 
Pi ±p4 qi± g4 k ± k 



(1.29) 



do not vanish. Then our assumptions insure that the fixed point equations fll.20p admit 
at most a finite number of solutions. Moreover, the equations f ll.25p and fll.26p give 

U2aU2a-l " M2a-1^2« , ^2^ - U1U2 



{\u2a-l\^ + \u2a\'^) 



kl + ^2 



a €{1,2,3,4}. 



1.30) 



Now, under the assumption ^^^D}^! 7^ 0, it holds that sinOi assume only a finite 
number of values, hence the equation Im{X) = sin 61 |„^p^^„^p can be rewritten as 
system of three equations in three non known parameters. Then the fixed point 
equations fll.2ip admit only discrete solutions. □ 



Example 1.1. Assume m := ^"*"^n^4 7^ 0, we get 



where 



t - 

m 



^12 <?! + '?2 ^1 + h 

hts Qi + 13 h + k 
hu qi + q4 h + k 



qa ^ qi3 L ± lf3 

q^ ±9(5 ^7 ± h 



2n 



— (/i+/^A2+3 



m s_ 



3+4 



''-23 ^3+4 ''-34 ^2+3^' 



1.31) 
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Since < = ^ ^^+^+^^^ ^^+« < 1 all the possible solutions t of the system 

fll.28p belong to H := {0, . . . , ^^^^j^[p^}- Similarly also s, r belong to H. Then each 
solution (t, s, r) for the equation (11 .28^ is a triple whose elements are in H. We can use 
a similar argument for the other non null determinants ^^^□]^^4 and also in these cases 
we get discrete solutions. Moreover, by using a short argument linked to the gcd of the 
minor determinants ^'A^ we can prove that the cardinality of the subgroup of solutions 
is exactly equal to m = -'^+^n}^4. □ 



Proposition 1.2 There is no weight matrix such that the action of G = Sp{l) x T@ 
on N{Q) is free. 

Proof. From the previous proof we see that there is a unique solution for the fixed 
point equations (11.281) if and only if ^=''^□^^4 = ±1. We have the identities 



i+2ni+3 
'-'1+4 

'-'1+4 

3 
4 



A123 — A124 + A134 + A234, 
— A123 — A124 — A134 — A234, 
A123 + A124 — A134 — A234, 

^1-4 — ^Ai23 + A124 + A134 + A234, 

^nJii^ = — A123 + A124 + A134 — A234, 

A123 + A124 — A134 + A234, 

^1^4 = — A123 — A124 — A134 + A234, 
^ ^□}_4 = A123 — A124 + A134 — A234. 



l+2|--|l+3 

l+2nl-3 
-'1-4 

II+3 
-'1+4 

l-2nl-3 
'-'1+4 

1-21-11+3 



;i.32) 



that can be solved with respect to the A^g-,. In fact note that the system 



' X := '^'n\Xl = A123 - A124 + A134 + A234, 
Y := "^"^^□];_,_4 = — A123 — A124 — A134 — A234, 
Z '■= ^ ^01^4 = — A123 — A124 — A134 + A234, 

w := i+2nj:3 = _A^23 + A124 + A134 + A234, 



1.33) 



has determinant 
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1-111 
-1 -1 -1 -1 
-1 -1 -1 1 
-1111 



and its solutions are 



Ai23 
^124 
Ai34 
A234 



Y+W 
2 ' 
X+Y 
2 ' 
X+Y-Z+W 
2 ' 

Z-Y 
2 ' 



1.34) 



that are also solutions of the remaining identities in (11.321) 



±1 


i+2ni+3 

— LJl-4 


= -(X + Y + W), 


±1 


= '-'a\: 


-3 

h4 


= Z -X-2Y -W, 


±1 


= '-'al: 


h3 
h4 


= Y + Z + W, 


±1 


= '-^D\: 


-3 
-4 


= X + Y - Z. 



;i.35) 



But since Aq,/37 G Z\{0} and X = ±1, Y = ±1, Z = ±1 and 14^ = ±1 we would have 

X = Y = W = -Z, (1.36) 

and hence (X, Y, Z, W) is either (1, 1, —1, 1) or (—1, —1, 1, —1) and (A123, A124, A134, 
A234) is either (1, 1, —2, 1) or (—1, —1, 2, —1). It is now easy to check that neither of 
the possible two values of {X, Y, Z, W) is a solution for the system of equations above. 
Then the action of G on A^(B) is never free. □ 

Using all of these facts we get 

Theorem 1.2 The acUon of Sp{l) x T| on N{Q) = iy-\0) n /^"^(O) zs locally free if 
and only if the following conditions hold 

1) all the determinants AajSj 7^ 0, V(a,/5, 7) admissible triple of indices. 

2) Aajs are such that all the minor determinants ^^^□];^3 in equations fl 1 . 32^ do not 
vanish. 
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In such a case the quotient 

^p(l) X 

is a compact 7 — dimensional 3—Sasakian orbifold. Moreover for any integral 3x4 
matrix B which satisfies the assumptions 1) and 2) t/iere exists a 4- dimensional 
orbifold 0''(6) which admits a self-dual Einstein metric of positive scalar curvature 
with a 1 — dimensional group of isometrics. 

The orbifold family M^(0) cannot be toric, this fact can be seen by having a careful 
analysis of the associated foliations. Note that, N{Q) is a compact submanifold of the 
sphere 5*^^ C given by the zero locus of two quadratic functions( the moment maps 
H and u). Then, by using a similar argument like that one in [9j pag 97, we can 
generalize the analysis of [7], and conclude that all the isometries of A^(G) come from 
the restriction of the isometries of S^^ (or the Euclidean space = in which this 
sphere is embedded). Then, we get that the group of isometries associated to 0'^(6) is 
1— dimensional. 



Example 1.2. The 3x4 matrix 





1 





1 


l\ 







1 


1 


1 


v 


1 


1 





1/ 



'1.381 



satisfies all the requirements of theorem 1.2. □ 



Chapter 2 

The Singular Locus 



Recall that the twistor space Z^{Q) is the S'^ bundle over the riemannian orbifold 
0^(0) that parametrizes its local almost complex structures. Consider the group G 
:= G X U{1) ^ Tq X Sp{l) X U{1), which is a subgroup, up to the central Z/2, of 
Sp{8) ■ Sp{l) C SO{32) = Isom{S^^). Then, we can define the action of G on A^(e) = 
/x~^(0) n i^~^(0) ( where // and u are the moment maps of Sp{l) and Tq, respectively) 
as follows 

$ : r| X Sp{i) X u{i) X N{e) — > N{e), 

((A(e), A, p); (z, w)) ^ $((A(e), A, p)) {(z, w)) , 

where 

mA{e),X,p)){{z,w)) :^A{e)X ^ j A 

(2.1) 

and we have identified x = by Za+ jwa G C x C for each a e {1, . . . , 
8}. Thus (z, w) :— u — {ui, U2, ■ ■ ■ , u^, u^) G H^. In the following we will use both the 
notations u and {z^w). Here, the twistor space will be thought as the leaf space 

of the (7— action on the manifold N{Q). There is a natural stratification of the twistor 
space Z^{Q) defined by the action of G, and the twistor space Z^{Q) is the union of its 
stata. 



12 
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Definition 2.1 We say that two points {z,w), {z-^^,Wi) G Z^{<d) are in the same 
stratum S if their corresponding isotropy subgroups G(^z,w) one? '^'"^ conjugate. 

The strata S, with respect to the action of G on Z^{<d), can be descibed by studying 
the action of G on N{<d) and the respective stratification. We denote with S the strata 
yielded by the G— action $ on A^(6). The smooth locus Zq{Q) is the dense open 
subset of points in Z^{Q) whose isotropy subgroup is the identity. Instead, S(6) 
denotes the singolar locus of 2.^(6) and we have that 2,^(6) = Zq{Q) U S(6). In the 
case of a 4— dimensional "good orbifold" 0^ , that is when the 3— Sasakian bundle 
is smooth, the singularities of 0^ come from those of its twistor space Z^ However, 
when the 3— Sasakian bundle is not smooth, this fact does not hold, and in order 
to study the singularities of O'* a different approach is needed. As we have seen in 
chapter 1, the 3— Sasakian bundle M^(6) necessarely has orbifold singularities which 
pass to the 50 (3)— quotient space 0^(0). Then, with the purpose of describing the 
singular locus of the quaternion Kiihler orbifold 0^(0), we will study both the singular 
loci of M^(0) and Z%Q). 

In order to understand the 3-Sasakian and quaternion Kahler reduction we are dealing 
with, look at the diagram 



S0{8) 



SO{A) X Sp{l) 



SO{3) 



Gta 



M^(0) 



SO(3) 



0^(0) 



1/(1) 



z%e) 



(2.2) 



where ^ ^{0)/Sp{l) = S0{8)/ S0{4:) x 5*^(1). In this chapter we prove the following 
statements mentioned in the introduction as Theorems B and C. 



Theorem 2.1 Let Z^{Q) be the twistor space of the SDE orbifold 0^(0). Then, 
depending on the minor determinants Aapy and ^^^□];^4 the singular locus S(0) 
consists of 
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1) one isolated 2— sphere S"^ , whose isotropy only depends on one of the determinants 

i±2ni±3 . 
I — ii 



2) eleven disjoint 2— spheres S^. These are obtained from the following strata ( with 
respect to the action of G onM.^ ) 



a) 
b) 
c) 
d) 

e) 
f) 
9) 



G- 



Sl^"" := G 



Si 



234 



G 



G 



Sll G 



q14 
'^23 



Cl2 
'-'34 



G 



G 




Zl 


Z2 




Za 




















W5 





Zl Zl 



Zl Z2 








W2, W4 




(2.3) 



Each of these strata intersects N{Q) and S^^'^ fl N{Q)) is formed by two connected 
components which gives two S strata for the G— action on N{Q). Instead, each of the 
S'^g n N{Q) is connected and provides exactly one strata S of N{Q). Moreover, we 
have that S/G = and for each of the 2 — spheres linked to one of S'^^^ the isotropy 
only depends on one of the minor determinants ±Aq^^, for the remaining cases the 
isotropy dipends on a linear combination of Ac^^^; 

3) three sets of points such that, for each of them, the respective points are joined by 
one of the 2— spheres S"^ = [S^^ A^(6))°/G. Each of these sets consists at most of 
four points. 
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In the case when some of the minor determinants Aa/sj and Di.^^ assumes values 
±1 or when the isotropy, associated to some of the points mentioned in 3), vanishes, 
then the singular locus S(0) is obtained by removing from the above list the sets whose 
isotropy depends on the mentioned determinants. □ 

Theorem 2.2 The singular points on the 3—Sasakian orbifold M'^(0) come from the 
G— strata S of N{Q), which are obtained by intersectig N{Q) with the following strata 
S ofM.^, and the ones which can be obtained by changing {w[,w'2) with {w1,W2): 



1234 ._ 



a) S 



b) sr 



c) Sf^ 



d) -sr 



"Cl2 . 
'-'34 



/) 

9) Sll :-- 
h) 5*234 : 



Z2 

wi, 



Z3 


Z4 


Zh 


z& 


Z-j Zg 






< 


K 







Z2 


zz 


Zi 


^5 


z% 


Zl 


zs 












w'^ 


w'; 


w'i 


Zl 


Z2 


z?, 


z,i 




z^ 


Zl 


Zh 




w'2 


W3 


W4 


< 


< 


w'^ 




Zl 


Z2 


Z3 


^4 


Zh 


z% 


Zl 


Zg 


w[ 


W2 






< 


w'^ 


w'-j 


w's 


Zl 


Z2 


Z3 


za 


z^ 


Zq 


Zl 


Zg 


w[ 


W'2 


w'. 




< 


< 


w'^ 




Zl 


Z2 


Z3 


Za 


Z-, 


z% 


Zl 


Zg 


w[ 






w'i 




w'q 


w'^ 


w'i 


Zl 


Z2 


zz 


Za 


Z-, 


z& 


z-i 


Zg 


w[ 


w'2 




w'i 


< 


< 


w'-j 


w'g 


Zl 


Z2 


Z3 


Za 


Zb 


Z6 


Zl 


Zg 


w[ 


w'2 




w'i 


< 


< 


W'lj 


< 



(2.4) 
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where 



and 



gi5 



sm ip 



{ - Z2a+ iZ2a-l COS ifi, Z2a-l + iZ2a COS (fi) , 



{- Z2a- iZ2a-l COS (f, Z2a-1 " iZ2a COS ip) . 



Sin if 

(2.5) 

with sin 7^ 0. Here, the element \ = e + ja E Sp{l) is written as e = cos 6+ 
i{sin6cos(f) and a = sinOsimpcos 6 + i{sin6sin(fsin6). Then, each S in (2.4) 
generates a singular point (S" fl A^(0))/G' G M'^(0) whose isotropy only depends on one 
of the minor determinants ^^^□{^4. □ 



2.1 The Twistor Space Z%e) 

By looking at the action of G = 5*^(1) x Tq x f/(l) on H*, let n be a non null point in 
H*^. Then for each quaternionic pair {u2a-i,U2a), the fixed point equations can be 
written as: 



A{d^) \ = , h (2-6) 

U2a I \ AM2aP 

COS sift 

where v4(6'c,) := I " " | , A = e + jo" G 5^(1), p G f/(l), (M2a-i, «2a) e 

—sin 6 a cos 9c 

X and a G {1,2,3,4}. 

Proposition 2.1 Let {z,w) be a point in N{Q) .Then, up to G— conjugation, we have 
that C r| X {A G Sp{l) I (T = 0} X f/(l). 

Proof. For each quaternionic pair (M2o-i,M2a) the fixed point equations in (12. 6p can 
be rewritten as follows 
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U2a-lC0S Oa + U2aSin 6^ = AM2a-lP, 7) 
~U2a-lSin9a + U2aCOs9a = ^U2aP, 

where a G {1,2,3,4}. Now, by muhiplying the first equation in (12.71) by cos 9a, the 
second one by sin 9 a, and by considering the sum and the difference of these two 
equations, we get 



U2a-lC0S 29a + U2aSin 29a = \{u2a-lC0S 9a + U2aSin 9a)p, . 

[2.0) 

U2a-1 = \{u2a-lCOs9a — U2aSin 9 a) p. 

Then, by multiplying on the right the first equation in (12.81) by the conjugated of the 
second one, we obtain 



U2a-1 = X{u2a-lCOs9a — U2aSin9a)p, 

\u2a-l\'^COs29a + U2aU2a~lSin29 a = (2.9) 
= X{u2a~lCOS 9a + U2aSin9a){u2a-lCOS 9a —U2aSin9a)X, 

or equivalently: 

""20-1 = X{u2a-lCOs9a - U2aSin9a)p, 
\u2a-l\'^COs29a + U2aU2a-lSin 29 a = 

= X{\u2a-l\'^COs'^ 9 a — \u2a\'^ siri"^ 9 a + Im{u2aU2a~l) Sin29 a)X, 

(2.10) 
or: 



\u2a-l\^COs29a + Re{u2aU2a-l) SlU 29 a = \u2a-l\^ COs"^ 9 a — \u2a\'^ silH? 9 a, 

Im{u2aU2a-i)sin29a = XIm{u2aU2a-l)Xsin29a, 

U2a-1 = X{u2a-lCOs9a " U2aSin9a)p- 

(2.11) 
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Suppose there exists a quaternionic pair {u2a-i,U2a) such that Im{u2aU2a-i) 7^ 0. If 
sin 9a = 0, then we can easily see that the equations (12. lip describe the non effective 
subgroup. Instead, when sin 29 a 7^ the first two equations give 



(|M2aP - \u2a-\^)sin^ 9a + Re{u2aU2a-l) sin 29 a = 0, 
Im{u2aU2a-l) = \Ini{u2aU2a-l)^- 

(2.12) 

Since we are interested in points u G iV(6), we can suppose u G z/^^(0). Then, the 
first system of equations in f ll.l6p gives 



Im{u2aU2a-i) = CalmiusUj), a G {1,2,3,4}, (2.13) 

and Ca G Q. As a direct consequence, the second equation in 02.121) does not depends 
on the index a, that is, it is the same for each quaternionic pair {u2a-i-,U2a)i ot ^ {1,2, 
3,4}. In the case when Im{u2aU2a-i) = i, the second equation in f l2.12p reads: 

MX = (e + ja)i(j - ja) = i(|ep - Idp) - 2kal = i, (2.14) 

that, together with the condition |ep + |crp = l, yields cr = 0. Thus, in this particular 
case we have that C x U{iy x f/(l) := T| x {A G Sp{l) \ a = 0} x U{1). 

Note that, for each quaternionic pair {u2a-i,U2a) there exists r G Sp{l) such that 
Tlm{u2aU2a-i)T = i. Then, in general the isotropy subgroup of {z,w) is such that 
G(^z,w) C T@ X rU^iyrx U{1). Instead, when Im{u2aU2a-i) = for each a G {1,2,3, 
4}, it follows that U2aU2a-i = Cq G M. First suppose Ca ^ for each a G {1, 2, 3, 4}. 
Then, the fixed point equations (12. 7p become 

U2a-1 {cos 9a + CaSin 9a) = AWsa-lP, 
U2a-l{ — sin9a + CaC0s9a) = Ca\U2a-lP- 

As a consequence, we get 

{ — sin 9a + CaCOS 9a) = Ca{cOS 9a + CaSiu 9a), (2.16) 
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if and only if (1 + c^^sinOa = 0, and we get sin 9a = 0. Then, up to a sign, the fixed 
point equations become 



where P G {3, 5, 7}. Then, we obtain a = 0, e = p = ±1, by substituting these 
conditions in the fixed point equations (12. 6p it follows that the isotropy subgroup 
coincide with the non effective subgroup. Now, if there exists a quaternionic pair such 
that U2aU2a-i = = 0, the fixed point equations (12.71) give sin 9a = and using the 
same argumet of the previous case we have that the isotropy coincide with the 
ineffectivity. Then we get the conclusion. □ 

Suppose now that {z,w) G A^(9) has a quaternionic pair {u2a-i, U2a) such that 
Im{u2aU2a-i) = i- Then, by using the Tq— moment map equations ( look at (I1.16P and 
(I2.13P ). up to a sign, this condition holds for each quaternionic pair of {z,w). 
Moreover, it follows that U2a = {Re{u2aU2a-i) + i)u2a-i- In general, we have that 
Im{u2aU2a-i) = Tif , T G 5*^(1), and U2aU2a--i = {Re{u2aU2a~i) + Tif) if and only if 
™2a = {.R^iu2aU2a-i)+ 0™2q-i- That is, for cach quaternionic pair (M2a-i,W2a), up to 
multiplication on the right by an element r G 5*^(1), we can assume I'm{u2aU2a-i) = i 
and G[z,w) C Tq x U{lYx U{1) ■ Then, in order to give a complete account of the 
singular G— strata of N{Q) it will be sufficient to describe the points {z,w) G A^(9) 
with isotropy subgroup G(^z,w) C Tq x U{iy x U{1). We then consider the orbits 
through these points. In the following we will work under the assumption a = 0. 

Note that the points (z, w) G A^(0) C S^^ can be written as 4 x 8 complex matrices, 
namely: 



< 




(2.17) 




(2.18) 
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and for each quaternionic pair the fixed point equations become 



Z2a U]2a 



W2a-1 W2a 





I] 











(2.19) 



where {za,Wa) € C and a G {1,2,3,4}. The equations in (12.191) can be easily rewritten 
as: 

— sin 9a COsda — tp \ ( Z2a-l \ / \ 




—sin 9a COS 9a — ep 
y COS 9a — ep sin 9a 



COS 9a — ep sin 9a 





ap 



ap 




Z2a 
W2a-1 
V W2a ) 








(2.20) 



where a G {1, 2, 3, 4}. Note that none of the matrices Mq,, a G {1, 2, 3, 4}, has rank 4. 
Otherwise the corrispondent quaternionic pair (-220-1, 'U^2a-i5 ^20, w;2«) would vanish, 
and this contradicts lemma 1.1. Now, we prove the following fact about the action of 
G = r| X Sj9(l) X f/(l) on C*^ X ^ H^. 



Lemma 2.1 Let Ma he the matrix appearing in formula {\2.20^ . The condition det Ma 
0, a G {1,2,3,4}, is equivalent to 



pe*^« = Re(e) ± i^Im{tY + \a\'^ or 



pe-^^" = Re{t) ± i^Im{eY + |(t|2. (2.21) 



Proof. Each matrix M^, a G {1, 2, 3, 4}, can be written as follows 







1 -ap 


—sin 9a 


cos 9a — ep 


\ 


A 




-ap 


cos 9a — ep 


sin 9a 




C 




—sin 9a cos 9a — ep 





ap 








\ cos 9a — ep sin 9a 


ap 





/ 



(2.22) 



Since the submatrices A, D are invertible, this gives 



B Id 
D 



D-^C Id 
A-BD-^C 



(2.23) 
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Note that det M„ = if and only if det {A - BD-^C) = 0, and the matrix A - BD-^C 



IS 



a I psin 29a — ^sin 9aRe{e) (2cos 9aRe{e) — pcos 29a) — P 



W\ \ (2cos 9aRe{e) — pcos 29a) — P —psin 29a + 2sin 9aRe{e) 
Then, up to the scale (|^)~^, we can rewrite the matrix in (12.241) as follows 



(2.24) 



Y X - p 
X - p -Y 



(2.25) 



where X = 2cos 9iRe{e) — pcos 29a and Y = psin 29a — 2sin9aRe{e). Then, up to 
column permutations, det Ma can be rewritten as 











[(-;- 


I) 


- Pld2x2 


= det ^ 







det 



or equivalently: 



X - p Y 
-Y X - p 

p2 _ 2XY + (X^ + Y^) = [p-(X + tY)][p - (X - tY)], 



(2.26) 



det [A - BD-^C) = ^\p- ({2cos 9aRe{e) - pcos 29a) + i{psin 29a+ 
— 2sin9aRe{e)))~\ [p — {{2cos 9aRe{e) — pcos 29a) — i(j)sin29a — 2sin9aRe{e 

Assume cr 7^ 0, since rank Ma < 4, for each a G {1, 2, 3, 4}, it follows that 
= det Ma = a^p'^det {A - BD-^C) = 

= (p + pie-''")^ - 2Re{e)e~''A + p(e'^-)' - 2i?e(e)e'^° 



^2.27) 



(2.28) 

if and only if 

p + p(e-*^")2 - 2i?e(e)e-'^" =0 or p + p{e'^^)^ - 2Re{e)e'^" = 0, (2.29) 
or equivalently 

pe'^- = Re{e) ± i^/ Im{e)^ + \a\'^ or pe"^^" = Re{e) ± i^Im{e)'^ + |a|2. (2.30) 
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Note that, when a = the condition det Ma = is equivalent to ep = e " or 
ep = e^*^", which are particular cases of the relations in (12.301) . Then we get the 
conclusion. □ 



Remark 2.1. Looking at the relations in f l2.30p . we can define the map 

^ : Sp{l) — > U{1). 

e + ja\ — ^ Re{e) + V/m(e)2 + |(t|2 e f/(l) 

The elements A = e + jcr G 5*^(1) can be parametrized as follows 

e = cos 9 + i{sin Ocos ip), 
a = sin Osin ipsin 5 + i{sin Osin ipcos 5). 

Then 



:2.3i) 



(2.32) 



\E'(e + jcr) = cos 6 + i\J sin O'^si'n? ip + sin O^cos"^ ip = cos 6 + i\sin6\, (2.33) 
and the relations in (12.301) can be rewritten as follows 

-^i9^ = e^^^ or pe"'^" = e^^^ (2.34) 

Note that the map in (I2.3ip decsribes a Lie group homomorphism if and only if 
a = 0. □ 



Remark 2.2. By substituting in each block Ma the expressions of pe and pe in (I2.30p . 
the equations (I2.20p can be turned into an eigenvalue problem. Then, each of this 
choices provides non null solutions {z, w) G for the equations (I2.20p and these 
eigenvectors are characterized by having the same isotropy subgroup. Moreover, this 
isotropy is generated exactly by (pe,pe). 

1) just one of the relations in (I2.30p holds <^=^ rank Ma = 3, 

2) two relations in (I2.30p hold <^=^ rank M^ = 2, 

3) three or four relations in (I2.30p are satisfied <^==^ Mq, = O4X4. 



2.1 The Twistor Space ^^(e) 



23 



Actually in the case 3) we have that if three relations of those in in (12.301) hold, then 
also the last one holds. Moreover, when all of the four relations in (I2.30p hold, for each 
a G {1, 2, 3, 4}, they describe the effectivity. In the following we will work up to the 
non effective subgroup, so we do not have to care about the case 3). □ 



Lemma 2.2 Assume a = in equations i \2.2(M . Let he such that rank Ma = 3. 
Then the solutions of the eigenvalue problem associated to the equations ( \2.2(M describe 
a complex 1— dimensional space which is either 

1) ^V," := {Z2a-i e C I (Z2a-i, ±^^2.-1, 0, 0) G C^}, or 

2) ^V^" := {W2a-1 G C I (0, 0, W2C.-1, ±tW2a-l) G C^}. 

(2.35) 

When rank Ma = 2, the possible spaces of solutions are the following: 

3) (±'=t)V^3° := {{z2a-l,W2a-l) G | (^2^-1 , ±^22a-l , ^2^-1 , ±iW2a-l ) G C^}, 

4) IT := {Z2a-1, Z2aeC\ {Z2a-1, ^2a, 0, O) G C^}, 

5) V5 ■= {^^2a-l, W2a^C \ (0, 0, W2a-1, W2a) G C^}- 

(2.36) 

Proof. Under the hypothesis a = 0, we get 

detM = {—sin O^^ — {cos 6a — ep)^) {—sin 6^^ — {cos 6a — ep)^) = 

= {{epY - 2epcos6a + l){{epf - 2epcos6a + 1) = 0, 

(2.37) 

and hence 



(2.38) 
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By substituting in the equations f l2.20p the possible values of pe and pe, we get the 
respective spaces of solutions for the eigenvalue problem associated to the equations in 
fl2.20p . Note that rank = 3 if and only if just one of the four conditions in fl2.38p is 
satisfied. In this short computation shows that the space of solutions for the 

equations fl2.20p is either ^V-^ or "^¥2- Instead, rank = 2, if and only if exactly 
two conditions of those in fl2.38p are verified. Then we can describe the spaces of 
solutions, which strictly depends on the chosen values for ep and ep. So we have 



5) ^r^l; - V, 

ep = e , 



This concludes the proof. □ 



a 

4 5 



(2.39) 



Now, we are ready to prove that the isotropy of a generic point {z,w) G A^(0), is 
described by a suitable subset of the relations in f l2.30p . As we will see in a moment, 
this fact allows to prove that, up to the G— action, the quaternionic pairs {u2a-i,U2a 
of any element {z,w) G A^(0) are described by the eigenspaces in fl2.35p and (I2.36p . 

Proposition 2.2 Let {z,w) be a point in N{Q) C S'^^ C H^. Then the fixed point 
equations i \2. 7p are equivalent to the conditions ( \2.30^ given by det Ma = 0, a G {1, 



2,3,4}. 

Proof. Let {z,w) a point in A^(G) C H^. Suppose {z_,w) has discrete but not trivial 
isotropy, then at least one of the relations in fl2.30p has to be satisfied. Morever, by 
using the proposition 2.1 we can assume a = and A = e. Suppose exactly one of the 
relations in f l2.30p is verified, say ep = e*^", then for each quaternionic pair {u2a-i, 
U2a), Oi G {1,2,3,4}, the fixed point equations fl2.1ip become 

(|M2aP - \u2a-l\^)sin'^ 6a + Re{u2aU2a-l)sin26a = 0. 
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Let us rewrite the first equation in (12.401) in the complex coordinates Ujs = zp + jwp: 

22a-ie'^" = {z2a-lC0S 9^ - Z2aSin 9a)p^, 
{iW2a-l - W2a)sin6a = 0. 

Now, by multiplying on the right the first equation in (12.401) by its conjugated, we get: 
(|m2q-iP - \u2a\'^)sin^ 6a + Re{u2aU2a~i) sin 26 a = 0, (2.42) 
that together with the second equation in (12.401) gives 



(|^^2a-lP - \u2a?)sin^6a = 0, 

Re{u2aU2a-i)sin26a = 0, 
or equivalently : 

(k2a-lP + k2a-lP - \z2a\'^ " \w2a?)sin^ 6^ = 0, 
{z2aZ2a-l + W2aW2a-l) StU 26 a = 0. 

(2.43) 

Then, if sin6a 7^ 0, the equations in (12.411) and (I2.43P give 



\-y |2 — U |2 

|^2a-l| — \Z2a\ , 

W2a = iW2a-l, 

Z2a = ~'^|'2^2Q-lP^2a-l; 

As a consequence, these equations either give 

kaa-lP = |W2«P = 1 or \z2a-l\'^ = \z2a\'^ = 0. (2.45) 

Since {z,w) E N{Q) C S^^ C H^, it follows that 

8 8 

5^|n,P = 5^(|^«P + |^«|^) = l. (2.46) 

a=l a=l 



\Z2a~l 
|2 



\Z2a\ 



\z2a\ = \w2a-l\ \Z2, 



(2.44) 



:a-l 
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Let us recall that none of the quaternionic pair {u2a-i,U2a) can vanish, then we can 
exclude the first relation in (12 .45^ . so we get Z2a~i = Z2a = and W2a = iw2a-i- Note 
that we can repeat this argument for each quaternionic pair {u2a~iiU2a)- Then, when 
the isotropy subgroup G{z,w) is different from the non effective subgroup, it follows 
that (M2a_i, U2a) G G ■ "^V.^ . As we have seen in remark 2.2 the isotropy relative to the 
eigenspaces ^V^° is described by the conditions ep = e^'^". The other cases can be 
treated similarly. Suppose now, there exists a G {1,2,3, 4} such that two relations of 
those in in (I2.30p are satisfied. Then, up to a sign, we have one of the following 
possible cases 

^) \ - if, or 2) I _ 

y ep = e [ ep = e , 



3) 



if) 

tp = e'"" , 

— —if) 

tp = e "-^"^ . 



(2.47) 

In the case 1) in (12.471) we have that 

= (.ikT^ and e = p' := pe'^"", (2.48) 
the fixed point equations (12. 7p give 

U2a-l = pU2a-lP, ^^.49) 
U2a = PU2aP, 

if and only if 2:20-1 = -22a-iP^ and Z2a = Z2ap'^- Then, if p 7^ ±1 we have that Z2a-i = 
Z2a = and that {u2a-i, U2a) G G ■ Instead, in the case 2) we have that ep = ep if 
and only if e = e*'^'^ and p' := pe^^^ = e'^°. Then, the fixed point equations (12. 7p 
become 



U2a-ie~ 
(|M2aP ■ 



" = U2a~lCOS 9a — U2aSin 9a, 

|M2a-lP)sm^ 9a + Re{u2aU2a-l)sin29a = 0, 



:2.50) 
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or equivalently: 



U2a-iisin 9 



-U2aSin 9a, 



U2a-l\ )sin 9a + Re{u2aU2a-l) siu 29a = 0. 



[2.51] 



When sin 9a ^ we have that U2a~i'i = —U2a and the second equation in fl2.5ip is 
automatically satisfied. Then, {u2a-i,U2a) G G ■ ^^'^'^^V^". The case 3) can be treated 
similarly. Then we get the conclusion. □ 

As a consequence, we have 

Corollary 2.1 Let {z_,w) be a point in N{<d) with non trivial isotropy subgroup G(^z,w)- 
Then each quaternionic pair {u2a~i,U2a) of {z,w) belongs to one of the sets G ■ ^V", 
G ■ ^V^, G ■ (^'^Vg", G-V^ orG- . 

Now, we have the following 

Proposition 2.3 Let {z,w) be a point on a singular G— orbit of N{Q). Then at most 
one of the blocks Ma, a G {1, 2, 3, 4}, has rank = 2. 

Proof. Suppose not. Then we have that rank Ma = 3, a E {1,2,3,4}. It follows that, 
for each Ma, just one of the equations in (12.381) is satisfied. We are interested in the 
case when there exist two different blocks M^ and Ms, such that for M^ the first 
equation in f l2.38p is satisfied and for Ms the second one. Note that, in this case we 
have e*^^ ^ e^*^*, otherwise we could easily show that both M^ and Ms have rank = 2. 
If such two blocks do not exist, then it follows that the spaces of solutions relative the 
equations in fl2.20p . up to the G— action, are either 



X G M4 



x8 





* * 


* * 


* * \ 1 


1 x = 








\^ 








ojj 



or 



X E M4x8(C) I X 



/ 








ooAJ 


\ * * 


* * 


* * 





(2.52) 
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where the above 2x2 blocks 




and 




represents an element of ^Vj" 



or ^1^2°. Since the point {z,w) gives a 8 x 4 real matrix with rank 4, then it follows 
that the matrices in fl2.52p are not admissible as point {z, w) G A^. Instead, when there 
exist the mentioned two blocks and Ms, by using the proposition 2.2, we have that 
for each a G {1, 2, 3, 4} the spaces of solutions of equations fl2.20l) are either ^V^" or 
^V^". Thus, up to column permutations, the spaces of solutions have necessarely one of 
the following shapes 



1) 
2) 
3) 




* 


* 


* 


* 


* 


* 


























* 


* 




















* 


* 


* 


* 


* 


* 


* 


* 








* 


* 








* 


* 














* 


* 








* 


* 



:2.53) 



where the 2x2 blocks represent either an elements of ^V^" or ^V^. Consider the case 
1) in (I23SD when {u2a-i,U2a) e a e {1,3}, (u3,M4) G and %) e +V^^. 
By reading the Tq— moment map equations on this set of solutions we get 



and 



Pl\zi\^ -^2^3^ +P3k5p +^4^7^ = 0, 

^ikiP ~ ^2^3^ + ^sksP + hl^jl'^ = 0, 



(2.54) 



Sp{l) 



\zi\^ + Izsl^ + \Z5\^ - \W7\^ = 0, 



(2.55) 



Moreover, we have to consider the sphere equation 



(2.56) 



Then we can rewrite these equations as follows 
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P4 \ / 



( Pi -P2 P3 

qi -q2 qs 

h ~h h 
\1 1 1 -1 / 

and the determinant is exactly one of ^^^D^^^ 7^ 0. Then we get only the trivial 
solution. The remaining cases can be treated similarly. □ 



\Zl\ 

W3 



2 
2 
2 








(2.57) 



Another useful fact is the following 

Proposition 2.4 Let {z,w) be is on a singular G— orbit of N{<d) and suppose a = 
in equations ( \2.20{) . Suppose that one block Mjj has rank = 2 and the system of 
equations 3) in (\2.39i} holds. Then, for each a G {1, 2, 3, 4} the block Ma has rank < 2. 

Proof. Without loss of generality, we can assume rank Mi = 2 and 




(2.58) 



Now, consider another block M^ with 7 7^ 1. Since rank M^ < 3, then at least one of 
the relations in 02.381) holds. So, we get either ep = e^*^^ or ep = e^*^^ . In the first case 
(the other one can be treated in the same way), we get either 











ep 


— gidj 





\r 


= e'^\ 


or < 


ep 


= e'^\ 








ep = e*^T or e'^^ = 


-- ep = e~*^^. Thus, we 



(2.59) 



one of the further conditions ep = e^^^"' , and it follows that rank M^ < 2 for each 
a e {1,2,3,4}. □ 
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Corollary 2.2 Let {z,w) G A^(0) be such that one of its quaternionic pairs {u2a-i,U2a) 
belongs to one of the spaces ^"^'"^^V^, and another one, say ('U2/3-1, M2/3) with a ^ (3, which 
either belongs to orV^ . Then the isotropy subgroup G(^z,w) is either the identity {Id} 
or the non effective subgroup. 

Proof. Suppose (M2a-i,M2a) G '^'^'^^V^ and (M2/3-1, M2/3) G , the other cases can be 
treated similarly. Then the fixed point equations relative to these quaternionic pairs 
gives 



ep = 




ep = 




ep = 









e = 
P = 



f/3) = 



[2.60) 



In particular, the system of equations f l2.60p holds for a = 1 and it follows that 

1, 



e ^ 

ep 
e = 

P = 



'7) : 



(2.61) 



Note that, the fixed point equations f l2.6ip describe exactly the non effective subgroup. 
In fact, under the assumption a = 0, the equations (I2.6ip are equivalent to those 
described at the end of lemma 2.1, ( when all of the relations in f|2.30p are verified). 
Then we get the conclusion. □ 



Corollary 2.3 Let {z_,w) be a point on a singular G — orbit of N{Q). Suppose {z,w) 
has a quaternionic pair {u2a-i,U2a) which is contained in one 0/ '•^'^■'Vg", then all of 
the four quaternionic pairs of {z,w) are contained in one of the spaces '•^'^^V^j", 
a e {1,2,3,4}. 



The proof of this corollary is a straightforward consequence of proposition 2.4 and 
corollary 2.2.0 
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Remark 2.3. Lemma 2.2 allows to describe all of the possible strata for the action of 
G on X C^. In fact, each point {z,w) e x = can be thought as a 4 x 8 
complex matrix, then if {z, w) has no trivial isotropy, its own quaternionic pairs are 
described by the eigenspaces listed in (12.351) and (I2.36p . Moreover, the singular 
G— stata of A^(6) can be obtained by intersecting A^(0) with the G— strata of 
having discrete isotropy. In particular. Corollary 2.3 allows to distinguish two different 
families of singular points, the first one is given by points {z, w) such that all of their 
quaternionc pairs are contained in ^^'^•'V^", a G {1,2,3,4}. Instead, in the second 
family, none of the points has a quaternionic pair contained in ^^'^•'VJj". In the 
following paragraph we consider the case of points {z, w) G A^(G) whose quaternionic 
pairs are contained in ^^^'^^Vg". □ 



2.1.1 G— strata characterized by quaternionic pairs 

(w2a-l,W2a) of type ^^^^^V^ 



By using the expression of the elements in ^"^'"^^V^, it follows that each point in the 
first mentioned family has the following shape 



{z,w) :-- 



Then the fixed point equations become 





±izi 


Z3 


±iZ3 


Z5 


±iz^ 




±iwi 


W3 


±iW3 


W5 





z-j ±.izj 
w-j ±.iw-j 



(2.62) 



gi(6»i±6lc) 



ep 



(2.63) 



where a G {1, 2, 3, 4}. Now, by fixing a pair of signs (±, ±) for the equations 
ep = e^*^S 

and a triple of signs (=F, =F, =F), relative to e*^^ = e^*^°, a G {2, 3, 4}, 

ep = e^^^^ , 

(which determines exactly one of the the determinats ^^^□}^4 ) we have that each 
eigenspaces associated to the eingenvalues problem equations in fl2.20p is univocally 
determinated by a 5— pie of signs ((±, ±), (±, ±, ±)). 



2.1 The Twistor Space ^^(e) 



32 



Definition 2.2 In the following, each eigenspace will be indicated with its own 5 — pie 

'(±,±,±)- 



of signs ((±, ±), (±, ±, ±)) , that is 5'/^'^'* 



Remark 2.4. Let be such that rank = 2 and suppose (u2a-i,^2a) ^ '•^'^■'V^". 
Then, the systems of equations 3) in fl2.39p . up to a sign, are either represented by 



A) 

or by 

B) 



pe = e*^S ) P ~ ifi^* 

pe = e^^ \ e = ±1. 



[2M) 



Now, evaluating the matrices on the parameters which come from the case A), as 
space of solutions we get either 



(+' )V;^ := {{z2a-l,W2a-l) G | {Z2a-1, iZ2a-l, Z2a-1, -iu)2a-l)}, 



or 



( '+)V^ := {{z2a-l,W2a-l) € | (2:2a-l , -^2;2a-l , 2:2a-l , «ti'2a-l) } • 



Instead in the case B) we either have 



'+')V^ := {{z2a-l,W2a^l) € | {Z2a-1, iZ2a-l, Z2a-1, iW2a-l)} , 



[2.65) 



or 



( ' Vg"* := {(^2a-l,W2a-l) ^ | (2:2a-l, -«^2a-l , ^20-1 , -iW2a-l)}- □ 



^2.66) 
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Lemma 2.3 The singular points {z,w) G x which solve the eigenvalues problem 
(\2.20ij and such that all of their quaternionic pair are contained in can be 

divided into two subfamilies. The first family only depends on the case described in A) 
at 64^ and the second one on the case B). 



Proof. Let {z.,w) be a point in N{Q) of the type above described. Note that it is 
impossible that there exist two different indices G {1,2,3,4, } such that Mq, 
satisfies the condition A) and Mp the condition B). Otherwise, up to switch the index 
signs, we would have 



(2.67) 



Now, the argument in corollary 2.9 gives that the the fixed point equations describe 
the non effective subgroup, against our hypotheses. Then all the quaternionic pair 
have to be of the same type. That is, either all of the quaternionic pair are linked to 
the case A) or all of them are linked to the case B). So, referring to the cases A) and 
B) we have that the only possible points which solve the fixed point equations in 
f l2.20p are listed in the following two subfamilies. First we consider 



pe = 




pe = 




pe = 






gie^^ 





-dp 


pe = 


= e' 


e = 


e, 


P = 


P- 
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1) S 

2) S 

3) S 

4) S 

5) S 
6) 

7) ^ 



+,+) 
+,+ -) 



+,+) 



,+,+) 



+,+) ^) 
+,+,+)/ 



,+) 



+.+) ^ ._ 
-,+,-)) 



+,+) 



,+) 




(2.68) 



and note that the cases 'S'|_,_'_^'*_,_^ are completely similar. The second subfamily to 
consider is 
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9) - 
10) 



12) 



13) ^fct)) : 



14) SS!;:;,) 



15) s;-) 




(2.69) 



The last cases S'|^'^''^-| have a completely similar description. Note the singular strata 
reltive to the submanifold A^(0) come from the intersection of the above eigenspaces 
with the manifold N{Q). □ 

Corollary 2.4 The cases o/ and S^^'^^_^ give an empty intersection with the 
zero set N{Q). 

Proof. Consider the case of (the other case can be treated in the same way ). 

An element of this set can be thought as 



Zi —IZi 

Wi —iwi 



Z3 -IZ2, 

W3 -iws 



Z5 -^-^5 

W5 -iW5 




(2.70) 
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The moment map, relative to the 3-torus Tq, in this case gives the equations 

Y^t=lda{\z2a-l\'^ + \w2a^l\'^) = 0, ^ 
X]a=l da{z2a-l'W2a-l — ^2a-l'U^2Q-l) = 0, 

where = Pa, Qa and la- Then it follows that equations in fl2.71l) admit only the 
trivial solution {z,w) = (0,0). Thus we get the conclusion. □ 



Remark 2.5 Note that, each of the eigenspaces listed in (12.681) is G— invariant. Then, 
these eigenspaces actually describe a family of G-strata in M.^. Instead, the eigenspaces 
in (12.691) are not G— invariant, and in the next proposition 2.5 we will prove that they 
do not intersect A^(0).n 



Proposition 2.5 The families of eigenspaces S^^'J^^ and S^^^'J^^ do not intersect the 
manifold N{e) = ^-\0) n u-\0). 

Proof Consider the family of solutions •S'^^'j.''^^ (the proof in the case of the remaing 
sets is similar). Let us recall that the equations provided by the Sp{l) 

moment map n are the following 



{Ea=l + jWa)i{Za + jWa) = 0, 

ELi + iwa)j{za + jWo) = 0, (2.72) 
Ea=l + jWa)k{Za + jw^) = 0. 

By reading these equations on the points {z,w) in •S'L'^^.j.-), we obtain 



Ea=l(k2Q-lP - \w2a-l\ 
Eq=1 Z2a-lW2a~l = 0. 



(2.73) 
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In fact, for each point {z,w) which belongs to one of the spaces >S'|^'^^p we have that 
the last two equations in (12.721) are automatically satisfied. Instead, the first of these 
equations yields the system of equations in f l2.73p . In particular, the equations in 
fl2.73p are the same for all the eigenspaces listed in the second subfamily. Now consider 
the moment map z/, relative to the 3-torus Tq. In the following da indicate the weights 
Pa, Qa and la, for a G {1, 2, 3, 4}. Then, the moment map u yields the following 
equations 



Ea=l daIm{z2a-lZ2a + W2a-lW2a) = 0, 
Ylt=l da{z2a-lW2a " Z2aW2a-l) = 0, 

By evaluating these equations on a point {z_, w) which belongs to one of the spaces 
S'l^'^''^^, we obtain 



ELl(-l)'""^«(k2a-lP - \w2a-l\') = 0, 



ELl(-l)'""^«^2a-lW2a-l = 0, 



(2.75) 



the indices rua only depend on the 5 — pie of signs of the chosen eigenspace. Let us 
rewrite these systems of equations as follows. 



ELi(-i)'""p«(k2«- 



\w2a-l\'^) 



0, 
0, 



Etl(-l)""?«(k2.^l|'-k2«-lP) 
Y:t=A-ir-h{\z2a-l? - \w2a-l?) = 0, 
. Ea=l(l^2a-lP - \w2a-l\^) = 0, 



U < 



Ea=l(-l)"'"Pa-22a-lW^2a-l = 0, 
Ea=l(-l)'""?"-22a-lW2Q-l = 0, 
ELli-'^r"lc.Z2a-lW2a-l=0, 
. Ea=l Z2a-lW2a-l = 0. 



(2.76) 



These two systems have the same matrix of coefficients, and hence the same 
determinant. Note that, this determinant is one of the ^^^nl^l, which never vanish 
under our assumptions. Then, from the first system of equations in (I2.76P we get 
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k2«-ir = k2a-l| > 0, (2.77) 

for each a G {1, 2, 3, 4}. The condition they have to be bigger than zero depends on 
the fact that each quaternionic pair does not vanish. Similarly from the second system 
of equation in (12.761) we get the further conditions 



Z2a~\W2o,-\ = 0, (2.78) 

for each a G {1, 2, 3, 4}. Then it holds either Z2a-i = or W2a-i = 0, a G {1, 2, 3, 4}. 
So the only solution for these two system of equations is {z, w) = (0, 0) which does not 
belong to A^(9). Then, we do not care about the eigenspaces in fl2.69p .D 



Proposition 2.6 Consider the families of complex vector spaces ^ (^-^ -j- -^'j and ^ (^-^ 
Then, it follows that just one of these complex spaces intersects the zero set 
N{e) = ^-1(0) n iy'\0). 

Proof. Consider the the eigenspaces in the first family. By reading the Sp{l) — 
moment map equations in fl2.72p on any point {z_,w), which belongs to one of the 
eigenspaces we get the following system of equations 



Ea=l(k2a-lP - k2a-in = 0, 

Note that the equations in (12.791) describe the Stiefel manifold § = ?7(4)/f/(2) of the 
2-complex frames in C^. Besides these equations are common for all of the eigenspaces 
S'l^'^''^^. Instead by evaluating the Tq moment map equations on a generic point 
{z_, w) which belongs to one of the spaces we are dealing with, we obtain 
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Y,hir"d^i\z2a-l\' + \w2a-l\') = 0, 



(2.80) 



«=i 



for each da = Pa, Qa, la and a G {1, 2, 3, 4}. Let us rewrite the equations in (12.801) as 



4 

El 



-l)"'^rf^|u2a-l 



(2.81) 



where U2a-i = ^2a-i + jw2a-i for each a G {1, 2, 3, 4}. Now, by using the notation we 
have introduced in (I2.8ip . the intersection of the sphere S^^ with each eigenspace in 
S'|^'^''_,_j is described by the equation 



^|Mj2 = ^2|M2a-i|' = l. (2.82) 

Q=l a=l 

By considering together the equations in (I2.8ip and (12.821) we get the folfowing system 
of equations 



/ i-ir^pi {-ir'P2 {-ir'P3 

(-l)-2g2 (-l)'"^g3 

(-1)^2/2 {-ly^Hs 

VI 1 1 



-l)™4p4 \ 

-l)'^*g4 
1 



( \ni? \ 

V M J 



( \ 






(2.83) 



then we obtain 



2|«iP = T^^fer > 0, 

^l±4 

2|«3P = T^&>0, 

2.84 

'-'l±4 
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Note that, after we have fixed the weigth matrix O, the minor determinants Aq,^^ are 
univocally determinated. Then the system of equations in (12 .84^ admits a unique 
solution in terms of |mq,P, and the relations fll.32p ) give that A^(6) intersects exactly 
one of the eigenspaces As a consequence, when S"!^'^^.,.^ fl A^(6) 7^ 0, it 

follows that dim n N{e)) = 9 and (s[l'X]±) n N{Q))/G ^ □ 

Example 2.1. In order to have a better description of Proposition 2.5, as an example 
we consider the case when the moment map equations in fl2.84p become 





Pi 


P2 


-P3 


-Pi 


\ 






\ 


( ° ^ 

























h 


h 




-k 













v 


1 


1 


1 


1 


/ 


v 




1 





(2.85) 



and it follows 



< 



2 


Ml 


2 _ 


— A234 


> 


0, 




^1+4 


2 


U3 


2 _ 


A134 


> 


0, 




^1+4 


2 


M5 


2 _ 


A124 


> 


0, 




^1+4 


2 


U7 


2 _ 


— A123 


> 


0. 




^1+4 



(2.86) 



Suppose this system of equations admit solutions. Hence, we would have that 

A234 A134 A123 A234 , 
Ta 1 ^ Ta 1 Ta 1 ^ Ta r 

|Ai24| |Ai34| |Ai23| IA234I 

Then, according to the sign of ^^^0^4, the identities (12.861) ( which involved the 
determinants A^,^^ and ^^^□}^4 as showed in (ll.32p ) admit exactly one solution in 
terms of Aq,^^ and ^^^Dj^^. Then, the only eigenspace which have a non null 
intersection with N{Q) is S"!!!!'!!] 
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2.1.2 G— strata Sa characterized by quaternionic pairs 

{u2a-i,U2a) of type ^V{^ , ±^3", and 

Consider now the points {z,w) E which have no quaternionic pairs of type ^^'^^VJ*. 
First, note that the complex vector spaces ^V^", ^V^", and V^, a E {1, 2,3,4} are 
not invariant for the action of the group G. Then, a singular stratum S* C whose 
points have quaternionic coordinates (u2a-i,M2a) in one of these spaces can be 
described as 



G 



Ui U2 



Us M4 



M5 ue 



U7 Us 



(2.88) 



Here, is a vector space whose quaternionic pairs are in one of the spaces "^V", "^V,^, 



and V^s". 



Lemma 2.4 Let S = G - V be a singular stratum of those in ( \2.88\) . Then diniG ■ V 
dimV + 2. 



Proof. Note that H := Sp{l) x U{lY x U{1) is the biggest subgroup of G that fixes 
each vector space V. Consider 



GxjjV := {[{g,u)] \ g EG and uEV}, (2.89) 

where [(fi',it)] = [((71,^1)] if and only if there exists h E H such that {gi,ui) = {gh^^, 
h ■ u). We have that, G x fjV is a, vector bundle over G/ and we can define the 
G-action K : G x {G x fjV) ^ G Xfj^V ^ given by 

g' ■[{g,u)]:=[{g'g,u)]. (2.90) 



Then, by using the G— equivariant diffeomorphism 
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r -.G-V — ^GxfrV, 

(2.91) 

g-u\ — > [{g,u)] 

it follows that G - V = G xp^V. Since G/H = S^,we have that G-V is & vector 
bundle over S"^ with fiber V: 



V -^G-V ^ G/H = S\ (2.92) 
As a direct consequence dimG ■ V = dimV + 2. □ 

Let us recall that the G— strata S of A^(B) can be obtained by taking the intersection 
of the G— strata 5, of H^, with H{Q). Then lemma 2.4 will be very useful in order to 
compute the dimension of the strata S = of Z^{Q). Then we have the 

following result 



Lemma 2.5 In order to describe the moment map equations of Tq and Sp{l) on the 
strata G ■ V , it is sufficient to compute them on the relative vector spaces V . 



Proof. First, note that 
1) G 



0/1 V2a-lCr V2aO- 



2) G 




V2f3-ie ±iv2pe 

(2.93) 

where V2a-i = {cos6aZ2a-i + sin9aZ2a)p, V2a = { - sin6aZ2a-i + cos6aZ2a)p and 
^2/3-1 = e^*^'' 1(72/3- iP- In order to describe the 5*^(1) moment map equations , on the 
sets in f l2.88p . we have to compute the following 
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1) {e + ja)vai{e + ja)va = Va{e-ja)i{e + ja)va = i\va\ (|e| - )+2kea{va) , 



2) {-(^ + je)vai {-a + je)va = {e + ja)jvai {e + ja)jva = -i|^;a|^(|e|^ - |(7|^)- 



3) (-0- + je)^^ i {-a + ie)it;„ = (e + jcr)jiVa i (e + ja)jiVa = (e + jo-j/cVa i (e+ 
ja)kva = -ilt-al^del^ - |(7|^) + 2kea{vaf. 

(2.94) 

Then we have to consider 



5) + je)^;aj(-(7 + ie)^^a = + 3(7)3Voc3 {e + 3(T)jVa^ j{{ef + {(7f){vaf- 
2^Im{ea)\va\^ , 



6) {-a + je)waj {-a + je)iva = {e + ja)kvaj {e + ja)kva = -j{{ef + ((T)^)(^;a)^- 
2ilm{ea)\va\'^, 

(2.95) 

and 



7) {e + ja)vak{e + ja)va = Va{e-ja)k{e + ja)va = k{{e) - {a) ){va) - 2iRe{ea)\va\ , 



8) (-<7 + ie)^;^ k (-a + je)va = (e + j(T)jVa k{e + ja)jVa = -A;((e)^ - (af) (va)^+ 
2iRe{ea)\va\'^ , 



9) {-a + je)wak{-a + je)iva = {e + ja)kvak{e + ja)kva = k{{e) - {a) ){va) + 



2iRe{ea)\va\'^ 



(2.96) 
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By using these relations we can describe the ^^(l)— momemt map equations. For 
example consider the case of 



((: 


Z2 




Z4 











U 















iw5 




iw-j ) J 



Then by reading the S'p(l)— moment map given by (12.941) . (I2.95P and (12.961) . on 

' (kP - kP)(ELi - 2k5p - 2k7p) = 0, 

^^(e^) ( ELi - 2k5p - 2krp) = 0, 
^e(ea) ( ELi - 2k5p - 2|«;7p) = 0, 

((e)' + (^nELiM' = o, 
((e)'-(^nELiK)' = o, 

if and only if 



ELih'.|-2KP-2|„„P = 0. 

A direct computation shows that these equations coincide with the 5*^(1)— moment 
map equations on the vector space '^^'^^V^^i^- A similar computation allows to describe 
the Tq moment map equations on the vector space '^'^'^^V^^/^- For the other sets in 
(I2.88P we can use the same argument. Then we get the conclusion. □ 



Proposition 2.7 Let {z,w) G 6e a singular point of those in i \2.88{) . Then {z,w) 
has at most two quaternionic pairs which are either contained in ^Vj" or ■ 

Proof. We can easily exclude the case of an element which have all of its quaternionic 
pairs in or ^V^". In fact, up to row and column permuations, these cases are given 
by 
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j ( zi ±izi 








^| 


U 


W3 ±iW3 


±iw5 


Wy ±iW7 J J 



or 





Z3 ±iZ3 





^^ 


U 





W5 ±iW5 


W7 iiwj J J 



(2.100) 

Then, it follows that the moment map equations of Tq and 5*^(1), on the first family of 
sets in f l2.10()l) . read 




pikip -P2k3p -PsksP -P4k7p = 0, 
gikip - g2k3p - gsksP - g4k7p = 0, 



and 

Sp{l) =^ |2^|2 _ |y;3|2 _ |^^|2 _ |y^^|2 ^ 

(2.101) 

In the following we will often use these notation to indicate the moment map 
equations relative to Tq and 5*^(1). Moreover, we have to consider the sphere equation 

kiP + hsP + ksP + = 1- (2-102) 
Then we can rewrite these equations as follows 



/ pi 



-P3 -Pi \ 



\Zl\ 



|2 
|2 
2 



/o\ 






(2.103) 



-V2 

-q2 -qs -qi 

h ~h ~h 

V 1 -1 -1 -1 / 

the determinant associated is exactly "'^^^□^4 7^ 0, then we get only the trivial 
solution. The other cases can be treated in the same way. Now, we study the case of 
singular points which have three quaternionic pairs which either belong to or 
^V^". Then, up to columns permutations, we have only the following possibilities 
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or 



{z,w) G 1/5^ X ^V^ X ^V^ X ^V^\ 
In the first case of (12.1041) the fixed point equations become 



ep = 








1, 


ep = 






gi(6»2Te4) = 


1, 


\ ep = 




=^ < 


ep = e^'^^ 




ep = 






ep = e'^\ 






g±if4 




^ ep = e-'^^ 





then, the determinant associated to the matrix of coefficients, up to rows 
permutations, becomes 



(2.104) 



(2.105) 



P2TP3 


^2 =Fg3 












q2 =F g4 


I2TU 








2pi 


2qi 


2/1 








Pi 




h 


-1 


-1 


P2 


<12 


h 


±1 





±4(A 



124 



A 



123 



Ai34). 



(2.106) 



The sets described by the relations in (I2.104p . up to row permuatations have the 
following shape: 



(±,±,±)r.l 

^234 



{(: 


Z2 



















W3 


±iW3 


W5 


±iW5 



Vie V2e 
Via V20' 



v^e ±iv3e 




(2.107) 



where vi = [cosOiZi + sin6iZ2)p, f 2 = ( — sinOiZi + cos6iZ2)p and f2a-i = 
e^^^°'W2a-iP with a G {2,3,4}. We have that, up to column permutations, the stratum 
(±,±,±)^i^^ describes all the strata whose points have three quaternionic pairs which 
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either belong to ^Vj" or "^V^^. Since the moment map /i is T@— equaivariant, z/ is 
Sp{l)— equivariant and the submanifold A^(G) is G— invariant, then in order to 
compute the moment map equations on the stratum ^^'^'^''>S'234, it is sufficient to do 
this on the vector space 





Z2 
























W3 


±iW3 


W5 


±2^5 


W7 


±iW7 J ) 



(2.108) 



Then, by using the notation introduced in fl2.10ip and (??), the Tq and Sp{l) moment 
map equations read 



and 



liIm{z{Z2) - klwd]"^ - hl^^l"^ - klwrl"^ = 0, 
kiP + \z2? - 2|w3|2 - 2\w5\^ - 2\wr\^ = 0, 



Spil) 



(ziY + iz2y = 



(2.109) 



Moreover, we have to consider the sphere equation 

kiP + + 21^3^ + 2\w5\^ + 2|w7p = 1. (2.110) 

Let us rewrite the S'p(l)— moment map equations in ( I2.109p and the sphere equation ( 
imU]) as follows 

1^ 12 I 1^ 12 _ 1 
\Zi\ -r \Z2\ — 2) 

\w3\' + \w,\' + \wj\' = i (2.111) 



zir + {z2r = o, 



Note that, dim^^'^'^^ Sl^^ = 12 and the intersection ^^^'^^'"^^ 5*^34 n A^(e) would be 
described by the equations in ( I2.109P and ( 12.1111) . Then, we would have that 
dim ('•^'^'^^>S'234 n A^(G)) = 5. Since dimG = 7, and the action of G is locally free on 
N{Q), it follows that each of *'^'^'^^>S'234 does not intersect A^(G). The other cases can 
be treated analogously. 
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Now, consider the case of a singular point {z, w) G which has two quaternionic 
pairs cointained either in ^Vf or ^V^". Without loss of generality, we can assume these 
two quaternionic pairs being {u^,uq) and {uj,Us) respectively. Note that, up to the 
G— action, {u2a-i,U2a), « G {3,4} have to be contained in the same eigenspace, 
analogously {u2a-i, U2a), a G {1, 2} have to be contained in the same eigenspace and in 
order to avoid rank {z, w) < A the only possible solutions are either 

{z,w) G X Vi X ±Kf X 



or 



[z,w)eV^xV,'x^V,'x^V,\ 



(2.112) 



Consider the first case ( the second one can be studied similarly). Then we have 





Z2 


Z3 


Z4 











U 













W5 


±iw5 




±iWY J J 



/ Vie 








-W50- 




— f 70" 






V2cr 















(2.113) 



where V2a~-i = {cos 9aZ2a-i + sin9aZ2a)p, V2a = ( — sin9aZ2a-i + COS 9aZ2a)p and 
V213-1 = e^*^''w2/3-iP with a G {1,2}, /? G {3,4}. Note that, the stratum described in 
fl2.113p has dimension 14. The fixed point equations become 





= e*^i. 


ep 


= e-^^i 


ep 


= e^^2^ 


ep 


= e-*^2 


ep 




ep 


— g±if4 





?i-e2) ^ 


1, 






1, 


< ep 






ep 


= e-^^i 




. ^P 







(2.114) 



The determinant associated to the matrix of coefficients, up to rows permutations, 
becomes: 



2.1 The Twistor Space ^^(e) 



49 



Pi -P2 


qi - q2 


h-h 








P3TP4 


qs =F qi 










2pi 


2qi 


2/1 








Pi 


qi 


k 


-1 


-1 


P3 


q3 


k 


±1 





±4(- Ai23± Ai24). 



(2.115) 



The moment map equations read 



rp3 

-'-e 



and 
Sp{l) 



PiIm{ziZ2) +p2lm{z3Z4) :f p^lw^l"^ T PaM"^ = 0, 
qiIm{ziZ2) + q2lm{z3Z^) =F gslu^sP =F q^lwi? = 0, 
liIm{ziZ2) + l2lni{z'i'Zi) =F /sI'W^sP =F h\w7\^ = 0, 



(2.116) 



\zir + \z2r + ksi + F4r - 

iz,y + {Z2f + (^3)' + {Z,f 



2|w5p — 2\wj\ 
= 0, 



(2.117) 



besides, we have to consider the sphere equation 

kiP + \Z2? + + \zi? + 2|u;5p + 2|ti;7|^ = 1. (2.118) 

When the quaternionic pairs (1^5, iiws) and (wr, -^iw-j) have the same sign, the 
equations (12.1161) give 



Im{ziZ2) 



A 



234 I 



"A 



1^71 



123 



Im{z3Z4) 



A 



134 



A 



ti^yp and l^sl 



A 



124 I 



123 



A 



\Wi\ 



123 



(2.119) 



Moreover, the equations fl2.117p and (12.1181) yields 



\Wt\ 



1 

4' 



(2.120) 



By taking the equation (I2.120p and the value of |w5p in fl2.119p . we get |w5p(A 



124 



-A 



123 y 



|Ai24. Thus when \w5\ = \w7\ ^ 0, we have that — A123 + A124 7^ and the 
determinat (12.1151) does not vanish. In this case dim fl A^(0)) = 7. Since 

dim G = 7, we have that each quotient ('•^'^'^-'•S'gl fl iV(6)) /G on the twistor space 
Z^{Q) coincides with a point. The remaining spaces of this type can be treated 
similarly and the associated G— strata are just the following 
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3) 
4) 
5) 



(±,±) ol2 
^34 



(±,±) ol3 



(±,±) q14 
^23 



(±,±) q24 
^13 



(±,±) r.34 . 
'-'12 • 



— n ■ } 


( 


Z2 


^3 




















\ 















W-j 




— n ■ } 


( 










z-> 












\ 



















= (jr ■ < 


( 
















Z-J ^8 




\ 
















= G-\ 


( ° 





z-i 































= g\ 


( ^ 





































6) (±'±)^24 _ ^ . 




2:3 2:4 







W5 ±2^5 




(2.121^ 



The last case we have to consider, is that one when there is just a quaternionic pair 
which is either contained in or ^V^". As a consequence the only possibilities are 
the following 

{z,w) e Vl X Vl X ±Vf X ±^4^ 

or 

{z,w)^Vl^Vl^^V^^'-Vl 

(2.122) 

Note that the two cases in f l2.122p . up to multiply on the left by j, concide, then all of 
the possible spaces of solutions are the following 
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1) 

2) 
3) 
4) 
5) 
6) 



+ ^123 



G 



G 



G 



G 



7) +Sf^ G 

8) -Sf^ := G 




^1 


Z2 










^6 




^8 \ 










iW2, 











/ 





^2 








2^5 


Zq 


2^7 












-iW3 




















^3 


^4 


^5 


Z6 


Z7 


^8 


Wi 


—iwi 


























zs 


Zi 








zs 




— iwi 





















(2.123) 



Note that ='=5'^^ is equivalent to 



G- 








^3 


Zi 


^5 


Z6 


^7 


^8 \ 





















) 



Zl 


±izi 

















ws ) J 








W3 


104^ 


W5 


We 







(2.124) 

Now, consider the pair of strata "^Sl^^. Then, the fixed point equations relative to this 
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stratum become 

















— g±«f4 



(2.125) 



Then the determinant of the coefficient matrix, up to a sign, becomes 



Pi -P2 


qi - q2 


h-k 








Pi -P3 


qi - qs 


li-h 








2pi 


2qi 


2/i 








Pi 


qi 


h 


-1 


-1 


P4 


q4 


h 


±1 





±4A 



123- 



(2.126) 



In the general case we have that the matrix of coefficients associated to the fixed point 
equations, up to a column permutation for the ffist quaternionic pair, become 



Pi -Pa 


qi - qa 


h — la 








Pl-Pp 


qi - qp 


h — h 








2pi 


2qi 


2/i 








Pi 


qi 


h 


-1 


-1 


p-t 


qj 




±1 





/3' 



(2.127) 



where 7 G {2,3,4} and 7 different to each other. Note that the isotropy for 
the strata listed in (12.1231) . up to move the ffist quaternionic coordinate, only depends 
on the minor determinants ±Aap-y. Now, for the moment map equations relative to 



the case of "^S^^ we obtain 







PiIm{ziZ2) +p2lm{z3Z4) +p3lm{z5Ze) -^4^7^ 
qiIm{ziZ2) + q2lm{z3Zi) + q-ilmiz^Ze) - g4k7p = 
liIm{ziZ2) + l2lm{zsZ4) + l'iIm{z^Z(^) - h\wj\'^ = 



= 0, 
0, 



(2.128) 



and 
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Spil) 



iziY + {Z2? + (Zs)' + {Z,f + (Z5)' + {Z,f = 0, 



(2.129) 



and we have to consider the sphere equation 

kiP + + ksP + + ksP + keP + 2|w7p = i. (2.130) 

The equations in fl2:T28D . fl2:T29D and fl2J30D give dim 3 n A^(e)) = 9, then in 
follows that dim {^S\^^ fl N{Q)/G^ = 2, that is, on the twistor level we have exactly a 
2— sphere S"^. The other cases in ( 12.1231) can be treated in the same way. □ 

Notice that, the singular strata (relative to the action of G on M.^) whose points have 
no quaternionic pair is contained in ^Vj" or "^V^, up to row permutations, are the 
following 



1) 



3) 
4) 
5) 
6) 
7) 



ci23 ._ r' 



Sl^' := G 



Sl^' := G 



nl2 ._ ^ 
D34 .— Lr 



Cl3 

O24 .— 



^23 •- ^ ■ 



3 234: '■— ^ 




(2.131) 
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Then we have the following result 

Theorem 2.3 The strata S'^^"' and 5"^ intersect the submanifold N[Q) and their 
intersections are such that 

1) 5'^^''' n A^(9) is formed by the two connected components +5'^'^'^ fl A^(9) and " S^^'^ fl A^(0), 

2) n A^(0) is formed by one connected components. 

(2.132) 

Moreover, each of the strata 5*"^ contains at most four substrata of those listed in 

Proof. The cases 1), 2), 3) and 7) in f l2.13ip are similar, then it is sufficient to study 
the first one. Analogously, in order to study the cases 4), 5) and 6) it is enought to 
consider S'34. The moment map equations on the stratum S\^^ become 

{PiIm{ziZ2) +p2lm{z3Z4) +p3lm{z5ZQ) + pjmiw^ws) = 0, 
qiIm{ziZ2) + q2lm{z3Z4) + q^Im{z^ZQ) + qJmiwjWg) = 0, 
liIm{ziZ2) + hlm^zsz^) + l^Im{z^ZQ) + UIm{w'jWs) = 0, 

(2.133) 

and 

{\zi? + \z2? + ksP + + ksP + keP - \W7? - ksP = 0, 
iz^y + iz2)' + {zsf + iz,f + {z,f + {z,r = 0, 
{wrf + {wsf = 0. 

(2.134) 

In order to describe the intersection S\^^ fl A^(G), as usual we have to consider also the 
sphere equation Yla=i + l'"^7p + I'^sP = 1- By using these equations, we get 



2.1 The Twistor Space ^^(e) 



55 



k7r + k8r=2, ^ I Ws = ±iW7, 



4' 



Then, we have that ^6*4^^ D = 18, from the moment map equations it follows that 
dim Sf^ = 18, and dim ( ( Sf^ n N{Q)) /G) = 2 = dim ( ( 3 p jy^g)) /^^^ _ ^^^^^ 

3 p A^(0))/G ^ ( Sf^ n A^(e))/G is isomorphic to a 2-sphere Now, 
consider the moment map equations on S^, it follows that: 



Pilm{z{z2) + p2lm{z3Z4) + psIm^w^WQ) + p4^Im{wYWs) = 0, 
Tq ^ { qilm{z{z2) + q2lm{z3Z4) + q^Im{z^ZQ) + qJmiwjWg) = 0, 
liIm{ziZ2) + l2lm{z^Zi) + l^Im{z^Zti) + hlm^wjWs) = 0, 

(2.136) 

and 



-5^(1) { iz,f + iz2y + izsy + iz,y = o, 

{w,r + {w,r + {wrf + {wsf = 0. 

(2.137) 

Then it follows that dim {{SUn N{e))/G) = 2 and [SH n N{e))/G = S\ 
Moreover, each of the strata 4), 5) and 6) in f l2.13ip contains four substrata of those in 
f l2.12ip . In fact, by looking at the shape of these two families of strata we get the 
following relations 



1) 
2) 
3) 



(2.138) 
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Each of the strata in f l2.12ip yields a point on Z^(0), and the relations in f l2.138p give 
that these points can be divided in three family and the points of each family are 
joined by a 2— sphere. □ 



Lemma 2.6 The two families of singular points { \2.6S\] and { \2.131\i do not intesect 
each other. 



Proof. Note that, up to columns permutations, the strata 1), 2), 3) and 7) in (12.1311) 
(by using the action on the group G) can be rewritten as follows 



(2.139) 



where V2a-1 = {cOs6aZ2a-l + sin6aZ2a)p, V2a = ( 

— sin 0(y.Z2a—l ~\~ COS OaZ2a) p, 

a G {1, 2, 3} and v-i = (cos 94^wi + sin O^Wsjp, f s = ( — sin O^Wj + cos O^Ws) ■ Instead, 
the cases 4), 5) and 6) in (I2.13ip . up to columns permutations, become 





V2e 


v^e 


v^e 


v^e 


VqC 


L \ Via 


V2a 


vsa 


v^a 


v^a 


v&a 




{ ( 


V2t 


VsC 


v^e 


-v^a 


-v&a 


—vja 


-Vsa 


L \ Via 


V2a 


Vsa 


v^a 


v^e 


VqC 


Vjl 


Vse 



(2.140) 



where V2a-i = {cos6aZ2a-i + sin6aZ2a)p, V2a= { - sin 6 

a G {1,2} and V213-1 = {cos 6 f^W2f3-i + sindpW2p)p, "^2/3 =( - sin6f3W2/3 + cos9pW2i3), 
(3 G {3,4}. In order to study the intersection of the strata in (12.1230 and (I2.13ip with 
those one in (12.680 . it is sufficient to compare the respective quaternionic pairs. 
Without loss of generality, we can compare just the first quaternionic pair. We list all 
of the possible cases: all of the possible cases 



1) 




izi 








\-[ 




\ Wi 


iWi y 




3) 


( Zi 


izi ' 








\-[ 




\ Wi 


iwi ) 





Vie V2e 
Via V2a 



2) 




—Via 


-V2a \ 


, 4) 




—izi ^ 














vie 


V2e 1 




V Wi 


-iwi ) 





Vie V2e 
Via V2a 

-Via - 
Vie 



-V2a 



V2e 



(2.141) 
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where vi = {cos 6iz[ + sin 6iZ2)p and V2 
equation 1) in (12. 141 p as follows 



-sinOiz'i + cos 9iZ2)p. Let us rewrite the 



zi = {cos9iz[ + sin9iz'2)ep, 
izi = {—sin9iz[ + cos 9iz'2)ep, 
Wi = {cos9iz[ + sin9iZ2)<yp, 
iwi = {—sin9iz[ + cos 9iz'2)(jp, 



then we have 



{cos 9iz[ + sin 9iZ2)ep = i{sin 9iz[ — cos 9iZ2)ep, 
{cos 9iz[ + sin 9iZ2)ap = i{sin 9iz[ — cos 9iZ2)<7p, 



(2.142) 



z[ = Z2 = 0. (2.143) 

but that is clearly impossible. The remaing cases in (12.1411) can be treated similarly. □ 



2.2 The 3-Sasakian Orbifolds M^(e) 



Now, we are going to study the singular locus on the 3— Sasakian orbifold M''(6) 
introduced in the first chapter. The fixed point equations can be obtained from those 
one in (I2.19P by assuming p = 1, then we obtain 



cos 9a sin 9a 
—sin 9a cos 9a 











Z2a-1 


W2a-1 




[(;-•)( 


Z2a 


W2a J 







n T 



Z2a-1 Z2a 
W2a-1 W2a 



(2.144) 



where A = e + jcr G Sp{l), {za, Wa) G C and a G {1, 2, 3, 4}. These equations can be 
easily rewritten as: 







-a 



-a 







—sin 9a cos 9a — e 
\ COS 9a — € sin 9a 



— sin 9a COS 9a — ^ \ 



COS 9r 



sin 9a 




a 



a 




/ Z2a-l \ 
Z2a 
W2a-1 
V W2a / 








(2.145) 
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where a G {1,2,3,4}. Then we have the followig resuhs 



Lemma 2.7 For each a G {1,2,3,4}, the matrix in [ 2.1J^3^ is such that 
det Ma = if and only if it holds either 

e'^" = Re{e) + i^ Im^ef + \a\^ or e"^^'^ = i?e(e) + %^ Im{ef + \o\^ . (2.146) 



Lemma 2.7 can be proved hke lemma 2.1. Moreover, the fixed point equations in 
(1.19) give that the action of G on A^(0) is locally free. Notice that, if exactly one of 
the identities in (12.1461) is verified, then rankM^ = 3. Instead, when there exists 
a G {1, 2, 3, 4} such that both the identities in (12.1461) hold, then we have that = 
for each a and this case corresponds to the non-effective subgroup. Then, the only 
interesting cases are realized when exactly one of the equations in (12.1461) is verified 
and rank = 3. 



In this case, in order to describe the singular strata S for the G— action on N{Q), we 
use a different approach with respect to the case of 2.^(9). In fact, we compute directly 
the solutions associatetd to the eigenvalue problem in (12.1451) . and then we describe 
the singular strata. We state now a proposition, it will be proved after corollary 2.5. 

Proposition 2.8 The solutions {z,w) of the eigenvalue problem associated to the 
equations l^2Jj^ as quaternionic pairs have either 



1) if e*^" = Re{e) + i^Im?{e) + |crP, then we have : := {z2a-i, e C 

e'^[- Z2a + iZ2a-l COS (f) {z2a-l + iZ2a COS Lf) . 
[Z2a-1, Z2a, : j : ) G L- |, 

stn (fi stn (f 

or 



2) if e"*^" = Re{e) + i^ Im^{t) + |a|2, then we have : := {z2a-i, G C | 

e'^ {Z2a + iZ2a-l COS if) {z2a~l " iZ2a COS (f) 
[Z2a-1, Z2a, : , : ) G (L |, 

stn (p sm Lp 

(2.147) 

where e = cos 9 + i{sin9cos p) , a = sin 9 sin (peas 6 + i {sin 9 simp sin 6) = sin 9 sin pe^^ 
and sinp ^ 0. Moreover, we have that and are G — invariant. 
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In the following, by assuming sin (p ^ 0, we denote as 



and 



(^2a-l'^a) — ( - Z2a+iZ2a-lCOS(p, Z2a-1 +iZ2aCOS (f) , 



e 

(^'a-l' ^a) —■ ( - ^2a - iZ2a-l COS (fi, Z2a-l - iZ2a COS ip) . 

sm </? 

(2.148) 



Then we have 

CoroUciry 2.5 Consider the action of G on H^. Under the hypotheses of lemma 2.8 
and proposition 2.7 and, up to change (2^1, 2:2, ^^1, ^^2) ^^^^ {zi, Z2,Wi,W2), the 
singularities relative to M^(©) come from the intersection of N{Q) with the following 
strata relative to the action of G on 



1) 
2) 
3) 
4) 
5) 
6) 
7) 



T1234 



si'' 



"q12 

'-'34 



"Cl3 . 
O24 .- 



"cl4 
'^23 





Z2 


Z3 


Zi 


Z5 


Z6 




W'2 


W3 


W4 







Z2 



w'2 



Z3 Z4 



Wr, 



Zl Z2 



Z3 Z4 



Zl Z2 



w'2 



Wn 



Z3 



Wn 



Z2 



Wi Wn 



Zl Z2 



Z3 



wi 

Za 

w'i 

Z4 

I 



Zh 



Z5 



Zb 



Wr. 



Z5 



Wr, W 



Z3 Z4 



Wi w. 



Zl Z2 

w'^ w'2 



w'i w 



Z3 Z4 



Wn 



Zb 



^5 



W'. 
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On 





Z2 


Z3 






z% 


Zl 






W2 




w'i 


< 


< 




< ) I 



234 ■" 

L \ W\ W'2 W'^ Wl W'^ W'^ W'j J ) 

(2.149) 

The proof of this coroUary is a straightforward consequence of lemma 2.7 and 
proposition 2.8. 

Proof {proposition 2.8). Assume sin(f 7^ 0. and consider the fixed point equations in 
fl2.144p . Then, by using lemma 2.7, it follows that det Ma = if and only if it either 
holds e*^" = Re{e) + i^Im{ey + or e"^^" = Re{e) + i^I'm{ef + \a\^. Note that, 
when sinOa = 0, it follows that the fixed point equations (12.1441) decsribe the non 
effective subgroup. Now, suppose the first relation in (12.1461) holds, then we have that 



e = cos 9 + isin Ocos cp, 



e""" = Re{e) + Im{e)'^ + \o\^ = cos 6 + isin 6, 
hence e = cos 9a + isin OaCos <y9, and by substituting this relation in Ma we obtain 



M„ = sin Or 



2.150) 



/ 





—sin ipe^^ 


-1 


icos ip 


\ 




—sinipc^^ 





icos if 


1 






-1 


—icos if 





sin ipe~'^^ 




\ 


—icos if 


1 


sinipe~^^ 





/ 



(2.151) 

where a G {1,2,3,4}. As a consequence the associated eigenvalue problem becomes 






—sin ipe"^^ 


-1 


icos ip 


—sin ipe^^ 





icos ip 


1 


-1 


—icos ip 





sin ipc'"^^ 


—icos ip 


1 


simpe'"^^ 






Z2ci 
W2a-1 
V W2a ) 








(2.152) 



From the first two equations in (I2.152P we get 



— sin ipC^^ Z2a — W2a-1 + ^ COS ipW2a = 0, 

— sin ipe"^ Z2a-l + i cos ipW2a-l + W2a = ' 



e^^ sin ip(^—Z2a+i^2a-i cos ip^ 
e''^ sin ip{^Z2a—i+iz2a cos ip^ 



W2, 



1 — COS^ Ip 



(2.153) 



2.2 The 3-Sasakian Orbifolds M^(0) 



61 



Instead, when it holds e = Re{e) + i^y Im{e)'^ + |crP, it foUows that 



e = cos 6* + isin Ocos y?, 



COS 9 + isin 9, 

hence cos 9 + isin 9 = cos{—9a) + isin{—9a) and e = cos9a — isin9aCos ip. By 
substituting the relations (12.1541) in the equations (12.1451) we get 



(2.154) 






—sin ip)C^^ 


-1 


—i cos ip 


\ 




2^20-1 


\ 




—sin ipe''^ 





—i cos 


1 













-1 


i cos 





sin ip)c~^^ 













i cos ip 


1 


sinipe~^^ 





/ 


v 


W2a 


/ 





(2.155) 



and 



-Sm 'pe'"Z2a — W2a-1 — ^ COS 'pW2a = 0, 
-sin tpe^^ Z2a-l — i cos ipW2a-l + ^201 = 0, 



W2a-1 



W2c 



3in(p(^Z2a+iZ2a-l COS ipj 



1— cos^ 



e^^ sin ipyz2o:—i—iz2a cos ip 

1 — COS^ [fi 



) 



(2.156) 



In the case when a = 0, that is simp = 0, the solutions {z,w) of the eigenvalue 
problem (I2.145P have quaternionic pair of type {z2a-i,^iz2a-i,u!2a-i,Tiw2a-i) like 
those described in (I2.69p . Then by using proposition 2.6 we can easil exclude these 
points. As a consequence, we obtain exactly the strata described in (12.1491 ). Moreover, 
if we consider the fixed point equations in (ll.2ip . (I1.22p and (ll.24p it follows that 



Im{X) = sin9i 



U2U1 — U1U2 



sin 9, 



and the fixed point equations become 

gj(ei±e2) = 
gi(ei±e3) = 
gi(ei±e4) = 



'I 19 I I 19 

\U2a~l\ + F2« 



ilm(e)+ja = sin 9i ^''^21"^'% 



a €{1,2,3,4} (2.157) 



(2.158) 
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According to the description of the locaUy free action of G on N{Q), given in the first 
chapter, the isotropy subgroup described by the system of equations in (12.1581) only 
depends on one of the determinants ^^^□J^4, which is associated to the subsystem of 
the first three equations in (12.1581) . □ 



2.2.1 Some computations on the singular G— strata of M^(0) 



Now, we want to study the intersection of A^(G) with the G— strata described in 
(I2.149p . then we will compute the moment map equations on these strata. In order to 
do this, look at the moment map equations of the Sp{l) and Tq actions. 

Proposition 2.9 Let us consider the G— strata S o/H® listed in l \2.14^ - Then, each 
of the singular G— strata S = S H N{Q) C A^(9) gives rise a singular point on the 3— 
Sasakian orbifold M''(9). 

Proof. First, we describe the case of 5*4^^, then the cases Sl^^, S^^^ and 5*234 can be 
treated analogously. Recall the moment map equations relative the 3— torus are: 

Z]a=l da{z2a^lW2a - Z2aW2a-l) = 0, 

where da, a G {1, 2, 3, 4} are the weights. We are going to compute these equations on 
the stratum S\^^. Then, by considering the quaternionic pair in the case 1) of (12.1471) 
it follows that 

Z2a-lZ2a + W2a-lW2a =-. ((l - COs"^ ^)z2a-lZ2a + 

1 — COS^ 1^ ^ 

{-Z2a + iZ2a-l COS ip){z2a-l " iZ2a COS (f)) (2.160) 

1 



■{iz2a-lZ2a " ^2a-1^2a) + ii\z2a-l\'^ + \z2a\'^)cOS ip) . 



1 — COS^ if 

Instead, for the quaternionic pair in the case 2) of (12.1471) we get 
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Z2a-lZ2a +^2^-1^20 =:; o ((l - COS^ ^)z2a-lZ2a- 

1 — COS^ ip ^ 

{Z2a + iZ2a-l COS ({>){z2a^l + ^^2a COS (2.161) 

1 



1 — cos^ (p 



{{z2a~lZ2a " Z2a-lZ2a) - i{\z2a-l\'^ + \z2a\'^)cOS Ifi) . 



Then, we compute Z2a-iW2a — Z2aW2a-i- Consider the quaternionic pair in the case 1) 

of (EHZD 

Z2a-lW2a " Z2aW2a-l =- 5— ( ^2q-1 (^2a-l + lZ2aC0Sip)- 

Z2a{-Z2a+iZ2a-lCOS if)) = lJ—{{z2a-lY + (2;2a)^)- 

1 — COS"' (p 

In the case 2) of f!2.147l) we get 



i5 



sirupe , 

Z2a-lW2a " ^2a^^2a-l =1 5— ( ^2a-l (^2a-l " lZ2aC0S ip) + 

sin e" 

Z2a{z2a+iZ2a-lCOS ip)) = ((^2a-l)^ + (2;2a)^)- 

1 — COS"' (f 

Now, we are ready to write down the moment map relative to the 3-torus Tq in the 
case of S'P^. Then we have 



'4 

2l]a=l daIm(z2aZ2a~l) + COS(/?(X]a=l da{\z2a-l\'^ + \z2a\'^) - diUzrl"^ + \zs\^)) = 0, 

(2.164) 

Similarly we can compute the moment map equations linked to the subgroup 
Sp{l) C G. Note that 



^Q=l {Za+ jWa)i{Za + jWa) = Z]a=l^(k"P " kaP) + '^kZaWa = 0, 

Ylt=l iZa+ jWa)j{Za+ jWa) = Ea=li((^")^ + i'^af) + {"^aZa " ZaWa) = 0, 

E«=l (^a + J«^a)^(^a + J^a) = ELi ^((^^a)^ " (^a)^)) " « (WoZ^. + ^a^a) = 0, 

(2.165) 



We rewrite now, the first equation in fl2.165p . From the quaternionic pair described at 
the point 1) of (12.14711 we get 
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, (2.166) 

Z2a{Z2a-l +tZ2aC0Sip)) = I— ((^20-1) + {Z2a) )■ 

1 — COS"^ (f 

Analogously, for the case 2) of f l2.147p it holds 



, (2.167) 

Z2a{Z2a-l - lZ2aC0S Lp)) = -I— [{Z2a-l) + {Z2a) )■ 

1 — COS'^if) 

By reading |22a-iP — |'U^2a-iP on the quaternionic pair in the case 1) of (12.1471) we get 

\z2a^\^ - \v02a-\^ = ^-^^ (\z2a-l\'^ - \z2a\^ - 2\z2a~l\^COS^ 'P + 

l-cos^(^^ (2.168) 

i{z2a-lZ2a - Z2a-lZ2a)cOS (f) , 

and 



\z2a\'^ - \w2a\^ = ^^^^ ^- (l^^aP " \z2a-l\^ " 2\z2a\'^COs'^ <f+ 



-cosV (2.169) 

i{z2c-lZ2o, - Z2a-lZ2a)cOS ip) . 

By adding fITM and (2.170) we obtain 



{\z2a-l\'^-\uJ2a-l\'^) + {\z2a\'^ " 1^20^) = 

2lC0SLp /^/|^^^_^|2 _^ \z2a\^)cOSip + (z2a-lZ2a " Z2a-lZ2a)) ■ 
1 — COS^ 

The case 2) of fl2.147p can be obtained in the same way, and we get 



\z2a-l\'^-\w2a^l\'^) + {\z2a\'^ - 1^201"^) = 

2lC0S(p + |z2anCOSV9 - {z2a-lZ2a - Z2a-lZ2a)) , 



(2.170) 



1 — COS^ (f 



(2.171) 



2.2 The 3-Sasakian Orbifolds M^(0) 



65 



Then, the first equation in (12.1651) can be rewritten as follows 

cos<^^^=i(|2;2„_ip + \z2a\^) + 2{^l^-^ Im{z2a-iZ2a) - ImizrZg)) = 0, 

ELl + {Z..?)) - {{Z,f + {Z,f) =0. 

For the second equation in fl2.165p . with respect to the quaternionic pairs in the case 
1) of dHHZD, we have that 



{Z2a-lf + {w2o,-lf =- 5— ((2:20-1)^(1 - COS^ V) + 



1 — COS^ 1^ 

{{Z2af - 2iZ2a-lZ2aCOS if - {z2a-lYcOs'^ V^)) : 



(2.173) 



and 



iz2ay + (W2a)^ =Z 5— ((2;2a)^(l - COS^ (p) + 

1-cosV (2.174) 

e^*'^((^2a-l)^ + 2iZ2a-lZ2aCOS if - {z2aY COs"^ 'f)) , 

then it follows 

{Z2c-l)^ + {w2a-l)^ + {z2a)^ + {w2a)^ = ( (;22a-l )' + (;22a)') (1 + e'''') . (2.175) 

The case linked to the quaternionic pair at the point 2) in fl2.147p . is exactly equal. 
Then, also in this case it holds 

(^2a-l)' + (w2a-l)' + (^2a)' + (w^2a)' = ((^2.-1 )' + (^2a)') (1 + e''') . (2.176) 

Then, consider Z2a-iW2a-i — Z2a-iW2a-i, in the case of the quaternionic pair at 1) of 
fl2.147l] we have 

- — simpe^^ , 2 / - - \\ / 

Z2a-lW2a-l-Z2a~lW2a-l = 5— ( 2? 22a-l COS ip+ [Z2a-^lZ2a- Z2a-lZ2a) ) , (2.177) 

1 — COS'' (f 

and 

AS 



Z2aW2a " Z2aW2a = T^— (2z | Z2a PcOS + (z2a-lZ2a " Z2a-lZ2a)) , (2.178) 
1 — COS^ (f 



then 
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2sinipe'^ ,2 , |2n / _ _ (2-179) 

2:20,1 + 1 2:20-1 1 jCOS if + \^Z2a-lZ2a ~ Z2a-lZ2a)) ■ 



1 — COS^ (f 

Instead, in the case of the quaternionic pair at 2) of fl2.147p we obtain 

{z2a-lW2a-l " Z2a-lW2a-l) + {z2aW2a " Z2aW2a) = 

2sin^e'^ , ,2 , ,2N / _ _ ^2-^^°) 

1 5— (-HM^2a + 2:20-1 )C0SV9 + f2:2o-l2:2a - 2:2a-l2:2a))- 

Thus the second equation in fl2.165p can be rewritten as foUows 

2Ea=l^"^(^2a2:2o-l) +COS(/?(E;^^i(|2:2o-iP + WJ^) - ( | 1 ' + 1 2:8 H) = 0, 

(l + e^^')ELi ((^2.-1)^ + (^2.)^)) =0. 

(2.181) 

Similarly we can describe the last equation in (12.1651) . so we obtain 

XlLl 2^"^(^2a2:2o_l) + COS V5(X;Ll(k2a-lP + 12:20^) - {\z-j\^ + l^sH) = 0, 

(1 - e^^') ELi ((^2„-i)^ + {Z2^f) = 0. 

(2.182) 

Then the equations (I2.172p . (12.1810 and (I2.182p can be rewritten as follows 



Sp{l) 



2Ea=l^"^(^2a2:2o_l) + COS ZlLl (I ^2a-l P + 12:20^)) = 0, 
ELi((^2«-i)^ + (^2.)^)) =0, 

(zr)' + (zs)' = 0, 
COS 



(2.183) 



Im{ziZ-j) 



As a consequence, the moment map equations of the 3— torus Tq in (12.1591) become 



-'-0 



Y.l=lPa{'2Im(z2aZ2a-l) + (|2:2o-lP + 1 2:2a H COS V?) = 0, 
Eo=l'?a(2^"^(^2a2:2a-l) + (|2:2a-lP + |^2anCOSV2) = 0, 
Z]o=l^a(2-?'"^(^2a2:2o_l) + (|^2a-lP+ |2:2anCOSV2) = 0, 

^ Im{z7Zs) - ilzrl'^ + \zs\'^)cos^ = 0, 



(2.184) 
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and 



rp3 

-'-e 



J:l=iqa{{z2a-lf + {z2a?) = 0, 
ELl^a((^2«-l)' + (^2.)') =0, 
(Zr)' + {Zsf = 0. 



(2.185) 



For each of the two system of equations in (12.1841) and (12.1851) consider the subsystem 
formed respectively by the first three equations. These two subsystem of equations 
have the same matrix of coefficients, hence they also have the same determinant which 
is Ai23 7^ 0. Then it holds 



2Im{z2aZ2a^l) + {\z2a-l\^ + \z2a\^)cOS ip = 0, a G {1,2,3}, 



(2.186) 



that is 



and 



cos^ = -T- ... «e {1,2,3}, 

\Z2a-l\ + \Z2a\ 



[Z2a-lf + {Z2af = 0, a €{1,2,3,4}. 



(2.187) 



Note that the moment map equations of 5*^(1) in (I2.183P can be obtained from those 
one in (12.1841) and (12.1851) relative to Tq. In order to describe the intersection of 5*4^^ 
with A^(B) we have also to consider the sphere equation of S^^. In particular it follows 
that dim (( 5*4^^ fl A^(0)) /G) =0, that is, the stratum S\^^ yields one singular point 
on the orbifolds M^(G). For the moment map equations relative to 
1S23 it sufficient to study one of them. Consider 5*34, then by using the computations 
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we have done in the previuos case, then for Sp{l) we get 

C0SipYlt=l{\z2a-l\'^ + \z2a\'^) + 2 ( X]q=1 Irn{z2a~lZ2a) - Ylt=3^^{^2a- 
ELl {i^2a-ir + {Z2ar)) " ELs + (^2a)^)) = 0. 

^ ELl((^2«-l)^ + (^2.n)=0, 

if and only if 

2 ELi -^"^(^2a-1^2a) + COS V? ( Eq=1 ( k2a-l P + k2an) = 0, 
Sp{l) =^ \ 2 EL3^"^(^2a-1^2a) -COS (^(EL3(l^2a-lP+ k2aP)) = 0, 



+ k2.P)) =0 

lZ2a)) = 0, 



ELl((^2.-l)^ + (^2an) =0, 
I ELs{iz2a-ir + {z2ar))=0. 



The moment map equations of the 3— torus Tq in (12.1591) become 



(2.188) 



Ea=lP"(2^"^(^2a^2a-l) + (ELl(l^2a-lP + \z2a?) " EL3(l^2a-lP + \z2a\'^)) COS Lp) 



^4 

Ea=l qa{'2Im{z2aZ2a-l) + (ELl(k2a-lP + ^2^^) " EL3(l^2a-lP + 
Ea=l ^a(2/m(^2a2;2a-l) + (Ea=l(k2a-lP + \z2a\'^) " ^0=3(^20-1^ + 
ELlPa{{z2a-ir + {z2ar)=0, 
El=lQa{{z2a-l? + {z,^?)=0, 
ELl^4(^2a-l)^ + (^2a)^) =0. 



|2 
|2 
|2 



Then, it follows that 

2Im(z2aZ2a-l) + (1^20-1 ^ + k2anCOSV2 = 0, 



\z2a\'^))cOS(f) 
\z2a\'^))cOSip) 



(2.189) 



and 



2Im{z2f3-lZ2f3) - (^2/3-1^ + \z2f3\'^)cOS ip = 0, 



that is 



cos if 



2Im{z2aZ2a-l] 
\z2a~l\'^ + \z2a\ 



and cos (/9 



2/m(z2/3-1^2/3) 



where a G {1,2} and /3 G {3,4}. Moreover, it holds that 

{Z2a-l)^ + {Z2a)^ = 0, a G {1,2,3,4}. 



(2.190) 



(2.191) 



(2.192) 
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Let us recall that we have also to consider the sphere equation of S^^. In particular it 
follows that dim (( 5*34 fl A^(6)) /G) =0, that is, the stratum SH yields one singular 
point on the orbifolds M^(0). Analogously, the case of 5*234 can be described by using 
the the prevoius computations. In this case the moment map equations become 



Sp{l] 



Y^t=l {'2Im{z2aZ2a~l) + COS (p {{\z2a-l\^ + \z2a\'^)) = 0, 
ELl((^2.-l)^ + (^2.n))=0, 



and 



rp3 



Y^t=lPa{'^^™i'^2aZ2a-l) + (|22a-lP + \z2a\'^)cOS If) = 0, 
Y.t=lQa{'2Im{z2aZ2a~l) + i\z2a-l\'^ + \z2a\^)cOS ip) = 0, 
Y.t=lL{'2Im(z2aZ2a-l) + i\z2a-l\'^ + \z2a\'^)cOS if) = 0, 
ELiP«((^2«-i)' + (^2«)') =0, 



(2.193) 



(2.194) 



ELl?4(^2a-l)^ + (^2.)^)=0, 
^ ELl^a((^2„-l)^ + (^2«)^) =0. 

Note that, also in this case dim ((5*234 fl A^(G)) /G) =0, that is, we have a singular 
point on M^(0). Then, each stratum in fl2.149p yields a singular point on M^(G). □ 



Chapter 3 



The Quotient Orbifolds 04(^) 



Let us recall that the action of the group G := -S'p(l) x C SO{l) C Sp{l) on the 
sphere 5"^^ C is defined by using the left multiphcation of the subgroup Sp{l) and 
for the 2— torus 7q, the action is defined via the homomorphism 



where 



[0, 27r)2 


-^T^ c 50(7), 










/ 1 











Ut,s) 







Ai{t,s) 
















A2{t, s) 









u 











(3.1) 



Pi P2 P3 

Qi q2 qs 



e M2x3(Z), 



(3.2) 



is an integral 2x3 matrix. Then the respective moment maps /j, : S'^'^ 
^ and t/ : 5^7 ^ ^(^1^2 ^ ^3 ^^^^ 



sp(l) 



X^a/cuc,) e 5p(l) 



(3.3) 



a=l 



a=l 



a=l 



where m e 5'^''' C H^, and 
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V{U)= \ StlP«(«2.«2„+l-«2„+lU2„) Uu(l)2^Kl (3.4) 

According to the study in we can distinguish the elements of N{Q) in the following 
G— strata 

50 = {ue N{n) I ui = 0}, 

51 = {ue N{n) I ui ^ 0}, 

52 = {u E N{Q) I some quaternionic pair {u2a,U2a-i) vanishes}, 

53 = {u E N{fl) I none of the quaternionic pair {u2a,U2a-i) vanishes}. 

(3.5) 

We state now some facts provided in [9], also to point out a minor correction to 
statements: corollary 2.3 and lemma 3.2 of [9j. 

Lemma 3.1 Suppose that all the minor determinants 



A 



Pa Qa 

Pl3 qp 



1 < a < /? << 3, (3.6) 
do not vanish. Then there is no element u of N{Q) with a null quaternionic pair. 



The proof of this lemma parallels that of the lemma 1.1. As a direct consequence of the 
lemma 3.1 it follows that 5*2 = and N{Q) = S3 = SqU Si. By using lemma 3.1 we get 

Lemma 3.2 The action of G = Sp{l) x on Si = N{n) n {ui ^ 0} is 

1) locally free if and only if Aa/3 7^0, Vl<a;</3<3, 

2) free if and only if gcd{Ai2, A13, A23) = ±1- 

(3.7) 

Note the correct conditions 2) appearing in (13. 7p is in fact weaker than that one given 
in [9], lemma 3.2 point 2). 

Proof. Since ui 7^ it follows that A = 1, then it is sufficient to consider the Tr- 
action. Since none of the quaternionic pairs vanishes it follows that the fixed point 
equations read: 
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A{LUa).- 



COStUa SmCUa \ I U2a \ I U2a 
-sinUJa COSiUa I V U2a+1 J \ ?^2q+1 



, a G {1,2,3}, (3.8) 



where Ua = Pat + qaS, and t, s G [0, 27i). Then, the equations in f l3.8p are equivalent to 

A(cua) = ^c?2x2, a G {1,2,3}, (3.9) 

that is e**^^"*"'"''"*^ = 1, a G {1,2,3}. These equations have trivial solutions if and only 
if 5fC(i(Ai2, Ai3, A23) = ±1. The locally free conditions was correctly proved in |9|. □ 



Next, we introduce the main results of this chapter. Consider an isometric action of 
the group G := x Sp{l) x f/(l) on N{Q) = fi~\0) H iy'\0). This action is defined 
in the same way of that one in (2.1), namely 

$ : (T^ X Spil) X f/(l)) X Nin) N{n), 
{{A{n), A, p); {z, w)) ^ <! ((A(fi), A, p)) {{z, w)) , 



where 



$((A(0),A,p))((^,«;) = A(fi)A 



(:) 



(3.10) 



and we have identified C'' x = by using the relation Ua = Za + jwa for each 
a G {1, 2, 3}. The 3-Sasakian and quaternion Kahler reduction we are dealing with, is 
described by the following diagram 



50(7) 



T2 



S0{4) X Sp{l) 



SO(3) 



SO(3) 



Gn 



rp2 



U(l) 



(3.11) 



where p ^{0)/Sp{l) = SO{y) / SO{A) x 5*^(1). We prove here the following statements, 
mentioned in the introduction as Theorems D and E. 
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Theorem 3.1 Let Z^{Q) be the twistor space over the positive SDE orbifold 0^(i7). 
Then, depending on the minor determinants Aa/s and the singular locus 

consists of 

1) one isolated 2— sphere S"^, whose isotropy only depends on one of the determinants 

ni±2. 

'-'l±3' 

2) six points, that is, each of the following G— strata ( relative to the action of G on 



b) 



d) 



f) 



-Si' 



-Si' :- 
-Sf :-- 
-Sf :-- 



G 



G 



G 



G 



G 



G 






W2 iW2 














^5 


z% 







W2 


-iW2 














(3.12) 



Each of these strata intersects the submanifold N (Q) , and the G— strata of N{Q) are 
given by S'^^ := S'^^ fl NiVt). Then, each quotient 



sf n N{n) 



G 

is a point on Z^{Q). Moreover, the isotropy associated to the strata in only 



(3.13) 



depends on the minor determinants ±Aq,^. 
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In the case when some of the minor determinants Aa/s and Di-i-s are ±1, the singular 
locus can be obtained by removing from the above list the singular sets whose 

isotropy depends on one of the mentioned determinants. 

Theorem 3.2 The singular points of the 3—Sasakian orbifold M^(r2) come from the 
singular G— strata S of N{fl), which are obtained by intersectig N{fl) with the 
following G— strata S o/H^ 



9) Si, 






Z2 


Z3 


Z4 


Z5 


Zq 


Z7 





W2 


W3 


U'4 


Wq 


We 


W-J 




W2 W3 W4 Wq Wq W-j 



h) s 



123 






Z2 


zz 




z-> 


z% 


Zl 





W2 


W3 


w^ 


Wq 


We 


W-J 



(3.14) 



where 
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and 



sincp 



sm Lp 



Z2a+1 + iZ2a COS if, Z2a + iZ2a+l COS 



Z2a+1 - lZ2aC0S (f, Z2a " iZ2a+l COS , 



(3.15) 



with simp ^ 0. Let us recall that an element A = e + jo" G 5*^(1) is written as 

e = cos6 + i{sin6cos if) and a = sinOsin ip cos 6 + i{sin6sinipsin6). Moreover, the 

isotropy associated to the strata in l\3.14\) only depends on the minor determinants 



'-'l±3- '-' 



Finally we get ( Theorem F in the introduction): 

Theorem 3.3 By using theorems 2.1, 2.2, 3.1 and3.2, we can conclude that the families 
of SDE orbifolds 0'^(6) and 0^{Q) are distinct to the twistor and 3—Sasakian level. 



3.1 The Twistor Space Z\Q) 



The study of the action of G = Sp{l) x x f/(l) on can be divided in two part. 
First we consider the action of G = Sp{l) x x f/(l) on Sq = {u e N{n) \ ui = 0}, 
and then, the case linked to action of G on Si = {u E N{Q) | ui 7^ 0}. Now, we 
introduce some facts shared by both the two mentioned cases. Let {z_, w) be a point in 
N{Q) C 5^'' C H^, then the fixed point equations for each quaternionic pairs 
{u2a,U2a+i), « ^ {1,2,3}, become 



AM 



Z2a W2a 
Z2a+1 U]2a+1 



-a 



Z2a Z2a+1 
W2a W2a+1 



)(;■ 













(3.16) 
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w s I COS LOn Sm UJn \ ^ ^ , s / s , 

where A{uja) := ( . , A = e + jcr e Sp{l), p e U{1) and a e {1, 2, 3}. 

—sinUJa COSUJa J 

We indicate the points u = {z, w) E x as follows 



(3.17) 



where {za, Wa) G C x C, a e {1, 2, 3, 4, 5, 6, 7}. These equations can be rewritten in the 
following way: 

Mc:= 

• s 

/ Z2a \ / \ 



^{z,w) := 1 




Z2 


Z3 


Z4 


Z5 


z& 


















V ^1 


W2 


Ws 


W4 


W5 


Wq 


W7 J 






-ap 


—sinuJa 


cos cua — ep 


-ap 





cos uJa — ep 


sinuJa 


—sinuJa 


cos uja — ep 





ap 


cos uja — ep 


sincUa 


ap 






Z2a+l 








(3.18) 



for each a e {1, 2, 3}. Note that, none of the matrices Mq, a e {1, 2, 3}, has rank 4. 
Then we have 

Proposition 3.1 Let {z,w) he a point in N{Q). Then, up to G— conjugation, we have 
that (5(^,2^) C X {A e Sp{l) I (7 = 0} X C/(l). 

The proof is completely similar to that of proposition 2.1. In the following we assume 

(7 = 



3.1.1 The action of G on Si 







When ui ^ 0, we get the following 

Lemma 3.3 Condider the action of Sp{l) x x U{1) on x C'^ , and let 

u = {z, w) e 

C'^ X be a non null point. Then, for the first quaternionic coordinate ui, the fixed 
point equations give either 

p = Re{e) + i^/Im(€fTJof or p = Re{e) - i^/Im{e)^T]of. (3.19) 
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Proof. For the first quaternionic coordinate Ui, the fixed point equations give 

Ui = Xuip, (3.20) 
where A = e + jo" G 5*^(1) and p G U{1). Then a straightforward computation yields 
Zi = {ezi —Wwi)p, ( 1 — ep ap \ ( Zi \ / 



Wi = {ewi + crzi)p, \ —ap 1 — ep J \ Wi 

Then, in order to get non trivial solution we assume 







(3.21) 



1 — ep ap 
—ap 1 — ep 

if and only 



pVI + P |er + 1 - 2pi?e(e) = p^ + 1 - 2pRe{e) = 0, (3.22) 



Re{e) +i^/Im{ey + |or|2 or p = Re{e) - %^ Im^ef + \a\^. □ (3.23) 



Remark 3.1. Note that, when u\ 7^ 0, if Zi = the fixed point equation in fl3.2ip 
becomes 

'aw\p = 0, , , 

^ _ a = 0, ep = 1. (3.24) 

wi = ewip, 

Analogously, when ui ^ and wi = 0, it follows that 

~ a = 0, ep = 1. □ (3.25) 

ei^ip = 0, 

Lemma 3.4 Let {z,w) be a in N{Q). Then, the fixed point equations in ( \3.16i\ are 
equivalent to the conditions given by det = 0. In particular det = if and only 
if it holds either 

p + p{e-'^^f - 2Re{e)e-'^^ =0 or p + p{e'^^f - 2Re{e)e'^^ = 0, (3.26) 
if and only if 



pe'<^- = Re{t) ± V/m(e)2 + |a|2 or pe"^^" = i?e(e) ± i^Im{eY + |a|2. (3.27) 
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The proof of this lemma is exactly equal to that of lemma 2.1. 



Proposition 3.2 Let {z,w) be a point in N{Q) C x C''. Then the fixed point 
equations {\3.16^ are equivalent to the conditions i \3.27^ given by det = 0, 
a e {1,2,3}. 



The proof of this proposition parallels that of proposition 2.2. 

Remark 3.2. Note that, when both the equations in (13.231) are satisfied it follows that 

p = Me)+.yWTH:. ^ ^^^^ (3,23) 

p = Re{e) — %^Im{tY + 




By substituting the conditions (I3.28P in the equations (13.181) . we get Mq, = for each 



a G {1,2,3}. Then, when the conditions in (13.281) hold, the fixed point equations 
describe the non effective subgroup. □ 



Remark 3.3. Since M^(fi) is an f/(l)— bundle over 2.^(f2) and G acts locally free on 
A^(f2), it follows that also the action of G on A^(fi) has to be locally free. Now, assume 
cr = in the equations (13.161) . Then, the fixed point equations relative to the first 
quaternionic coordinate become eu\p = U\ , that is 

ezxp + jewip = zi + jwx- (3.29) 

As a consequence, when 2:1 7^ and wi 7^ then 

fn = 1 

(3.30) 




ep = 1, 
ep = 1, 

Suppose the conditions in (13.301) hold. By keeping in mind the fixed point equations 
(I3.18p . the conditions in (13.301) give that the stabilizer G(z,w) is contained in the non 
effective subgroup. Then we do not care about this case. Then we consider points 
{z,w) such that Mi 7^ and 2:1 = or = 0. □ 
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We prove now the following 

Lemma 3.5 Suppose ui ^ and cr = m the equations (\3.18^ . The spaces of 
solutions for the eigenvalue problem asociated to the equations l\3.18^ . a G {1,2,3}, are 
the following 

1) := {Z2a G C I iz2a, ±tZ2a, 0, 0) G C^}, 

2) ±^2° := {W2a e C I (0, 0, W2a, ±^W2a) G C^}, 

3) 1/3" := {{Z2a, Z2a+l) G C X C | {Z2a, 22a+l, 0, O) G C^}, 

4) V^^ := {{W2a, W2a+l) G C X C | (0, 0, W2a, W2a+l) G C^}- 



(3.31) 



Proof. Under our hypotheses, the equations in (13.271) become 

pe = e^^' and pe = e^'^^K (3.32) 

Let {z,w) G X on a singular point and such that mi 7^ . Then according to 
whether = or wi = it holds either pe = 1 or pe = 1. Suppose pe = 1, the other 
case can be treated in the same way. Let Ma such that two relations of those one in 
(I3.32P are satisfied, then, for this block we get either one of the following system of 
fixed point equations 



1) 



3) 



pe = 






pe = 




2) 


pe = 


1, 




pe = 






pe = 






pe = 


1. 





pe = 




pe = 




pe = 


1. 



(3.33) 
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A short computation shows that the system of equations 1) and 2) in (13.331) give 

ep = 1 and ep = 1, then they describes the non effective subgroup. Instead in the case 

3), the equation in (I3.18P becomes 



( ° 








o\ 




^ Z2a 


\ 


/ o\ 


























±1 - 1 










W2a 







V±i-i 








J 




\ W2a+1 







(3.34) 



Hence, when the block Ma ^ the space of solutions is exactly Vf. Now suppose, 
is such that just one of the equations in (I3.32p is satisfied, then we have the following 
possibilities 



4) 



or 



5) 



Pe 



±i0a 



pe 



In the case of the relations 4) in (I3.35P the equations (13.180 become 
/ 









—sin 9a 


±isin 9a 


\ 


^ Z2a 


\ 










±isin 9a 


sin 9a 




Z2a+1 







—sin 9a 


COS 9a — 1 










W2a 







cos Oa — I 


sin 6 a 








/ 


\ W2a+1 







(3.35) 



(3.36) 



Then, the space of solutions, relative to this system of equations is given by V^. 
Instead, in the case of the relations 5) in (I3.35P the eigevalue problem in (13.180 can be 
rewritten as follows 
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/ 1 - \ 

l-p2 


\ / 

In this case rank Ma = 2 and the space of solutions is V^. Analogously, when pe = 1, 
we can prove that the only spaces of solutions for the eigenvalue problem in fl3.18p are 
given by ^V^", and V^. □ 



Z2a 



\ 



W2a 
\ W2a+1 ) 



/o\ 






(3.37) 



Corollary 3.1 Let {z,w) be a point in N{Q) with non trivial isotropy subgroup G{z,w)- 
Then each quaternionic pair {u2a-i,U2a) of {z,w) belongs to one of the sets G ■ ^Vi", 
G-^V^, G-V^ orG-Vl. 



Proposition 3.3 There are no singular points {z,w) G N{Q) such that their first 
quaternionic pair ui 0. 

Proof. Under the hypotheses of lemma 3.5 it follows that the possible spaces of 
solutions relative to the eigenvalues problem in (13.181) are just the following 

:= I ui U2 Ms M4 M5 Me ^7 ) |) (3.38) 

where mi 7^ 0, 2:1 = or wi = and each quaternionic coordinates {u2a,U2a-i) is 
contained in one of the the complex vector spaces "^V-^, "^V.^, V^, V^, a G {1, 2, 3}. 
Then, by substituting in the equations (I3.18P a suitable subset of the relations in 
(I3.32p . the associated eigenvalue problem admit solutions {z,w) which form a vector 
space V of those in (13.380 . Moreover all of the points {z,w) G V have exactly the same 
isotropy. Let us recall that each stratum 5* is formed by all of the points in which 
have, up to conjugation, the same isotropy subgroup. Note that, the spaces in (I3.3ip 
are not G— invariant. If a point {z_,w) G V belongs to S, it follows that V C S and 
G ■ V ^ S . By using corollary 3.1 we have that G ■ V = S and the intersection G ■ VH 
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N{Q) = G ■ {V n N{Q)) gives rise a stratum S C N{Q) associated to the G— action on 
N{Q). ActuaUy, all of the strata S relative to the submanifold N{Q) can be obtained 
in this way. Suppose a stratum S contains a point {z, w) such that the conditions 
{ui 7^ 0, 2i 7^ 0} or {ui 7^ 0, Wi 7^ 0} hold. Then the orbit G ■ {z,w) is contained in S, 
and by using the G— action, there exists a point {z',u/) G G ■ {z,w) with u[ 0, z[ ^ 
and w[ 7^ 0. Then the argument in remark 3.3 gives that the isotropy of S coincide 
with the non effective subgroup. Then we can conclude. □ 



Now, we can study the case of the points {z,w) G such that Ui = 0. This case can 
be treated as a subcase of that one studied in chapter 2. In fact, the action of the 
group 5*^(1) X Tq X f/(l) on M.^, coincide with that one we are dealing with as soon as 
we assume r = ( the third parameter of Tq) and the group acts on the subspace 
{{^j'Ml) ^ I {ui,U2) = (0,0)}. In order to describe the singular strata relative to the 
action of G on H'^, we can study the spaces of solutions relative to the eigenvalue 
problem in (13.181) . Then 

Lemma 3.6 Assume a = in equations { \3.18^ . Let M„ be such that rank = 3. 
Then the solutions of the eigenvalue problem i\3.18^ describe a complex 1 — dimensional 
space which is either 



3.1.2 The action of G on S 



1 



1) 




{Z2a e 



C\{z2a,±tZ2a,0,0) EC^}, 



or 




{W2a e C I (0, 0, W2a, ±^W2a) ^ C^} . 



(3.39) 
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When rank Ma = 2, the possible spaces of solutions are the following: 

4) V7 := {Z2a, Z2a+1 G C | {Z2a, ^2a+l, 0, 0) G C^}, 

5) ■= {W2a, W2a+1 G C | (0, 0, W2a, W2a+l) G C^}. 



(3.40) 



The proof is a straightforward consequence of that of lemma 2.4. By using the proof of 
proposition 2.2 and corollary 2.1 we get the following results 

Proposition 3.4 Let {z,w) be a point in N{Q) C x C'^. Then the fixed point 
equations ( \3.16i\ are equivalent to the conditions i \3.27 ) given by det Ma = 0, 
a G {1,2,3}. 

Corollary 3.2 Let {z,w) be a point in N{Q) with non trivial isotropy subgroup G{z,w)- 
Then each quaternionic pair (^20-1,^20) of {z,w) belongs to one of the sets G ■ ^V\", 
G ■ ^V^, G ■ ^^^^^V^, G-V^ orG- V^. 

Now, by using the corollary 2.1, remark 2.3 and lemma 3.6 we can divide the strata 
(relative to the action of 5*^(1) x Tj^ x f/(l) on H^) which intersect the submanifold 
Niyt) in two families depending on the vector spaces listed in (13.391) and (l3.4Up 
respectively. First, consider the vector spaces 
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1) 



2) 

3) ^(-,+,+ 
4) 

6) 

8) 5(_,_.,„ 



) 




(3.41) 



A short computation shows that these spaces are G— invariant. Moreover, all of the 
points {z,w) contained in the same space have the same isotropy subgroup. Then, each 
of the vector spaces 5(^^-1-^^) represents a stratum relative to the action of G on H'^. 

Lemma 3.7 The strata o/ S'(+_+^_|.) and S'(_^_^_) do not intersect the submanifold 
N{Q). 



Proof. First, note that the moment map equations of the 2-torus in the coordinate 
Ua = Za + becomes 

Y^i=l daIm{z2aZ2a+l + W2aW2a+l) = 0, 
Sa=l da{z2a'W2a+l "~ ^2a+l'U^2a) = 0, 

where d^ indicates the weights pa and for a G {1, 2, 3}. Now, consider the case of 
S'(+_+^+), the other one can be treated in the same way. The equations in fl3.42p can be 
rewritten as 
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J:l=ldai\z2a\' + \w2a\')=0. ^3^3^ 
X]a=l da{z2aW2a — 2:20+1^^20+1) = 0. 

Then it follows that equations in fl3.43p admit only the trivial solution {z_,w) = (0,0). 
Thus we get the conclusion. □ 

Proposition 3.5 Only one of the strata S(±^±^±) intersects the submanifold N (Q) . 
Moreover, the intersection S'(±^±^±) fl N{Q) yields exatly one isolated point on the 
twistor space Z^iVt). 

Proof. By reading the 5*^(1) moment map equations in fl3.3p on any point w), 
which belongs to one of the eigenspaces 5'(±,±,±) we get the following system of 
equations 



ELl(k2ap-k2oP)=0, 
Yl=l W2aZ2a = 0. 



(3.44) 



These equations are the same for all the 5'(±^±^±)). Instead, by evaluating the Tq 
moment map equations on a generic point {z, w) which belongs to one of the spaces we 
are dealing with, we obtain 

3 

J2{-'^r''da{\z2a\' + \w2a\') = 0, (3.45) 

Q=l 

for each da = Pa, Qa and a G {1, 2, 3}. Let us rewrite the equations in (I3.45P as 

3 

J](-l)"'^ci„|M2o|' = 0, (3.46) 

a=l 

where U2a = Z2a + j'W2a for each a G {1, 2, 3}. The intersection of the sphere S^^ with 
one of the eigenspaces in S(±^±^±) is described by the equation 

7 3 

J]|m„|' = J]2|m2o|' = 1. (3.47) 

a=l a=l 

Considering together the equations in fl3.46p and (13.470 we get the following system of 
equations 
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V 



then we obtain 



1 



-ir^q2 [-1] 



U2 



2 


M2 


2 _ 


< 2 


U4 


2 _ 


2 


Uq 


2 _ 



TTT > 0, 



-■lis 

±Al3 

'-'l±3 
±Ai2 



□ 



>0, 
> 0. 



(3.48) 



(3.49) 



Note that, after we have fixed the weigth matrix Q, the minor determinants Aa/s are 
univocally determinated. Thus the system of equations in fl3.49p admits a unique 
sohition. Then it follows that N{Q) intersects exactly one of the eigenspaces >S'(-|-^±^-|-). 
□ 



Now, consider the following sets: 



V:-- 



G- 



U2 U3 



U4 U5 



(3.50) 



such that each of the quaternionic coordeinate belongs to one of the spaces 
"^Vf, ^V^", Vf' and V^, a G {1,2,3}. Then, by using the argument in lemma (2.7), 
we get that the possible strata in fl3.50p . which intersect N{Q), are just those one 
listed in the following two families 
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1) 



3) 
4) 
5) 
6) 

and 
7) 



-Si' 



-Si' 



-Si' 



-Si' 



-sf 



G 



G 



G 



G 



G 



G 



Sf 



Si' 



G 



G 



9) Si' := G 






W2 iW2 









:) 

























^5 


z& 







W2 


-iW2 











Ji 




(3.51) 



(3.52) 



Theorem 3.4 The strata listed in ( \3. 5ip and (\3.5^ intersect the submanifold N{Q) 
and their intersections are such that, dim (S""^ fl N{Q)^ = 0. Moreover, each of the 
quotients ( S°^ fl A^(^^)) /G describes a point on Z^{Q) and we have 

1) Sf n N{n) is formed by +Sl' n N{n) and 'Sl' n N{n), 

2) Si' n N{n) is formed by +5^^ n iV(fi) and "S^^ n iV(fi), 

3) 5f n N{Q) is formed by n N{Q) and n N{Q). 



(3.53) 
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Proof. The moment maps equations, relative to Sp{l) and Tq, on the strata hsted in 
f l3.52p . up to a sign, become 



rp2 



gi/m(z2^3) + q2lm{ziZ^) + q2,Im{w^Wj) = 0, 



and 



spil) ^ <; (^2)' + (^3)' + (^4)' + (^5)' = 0, 

K)2 + = 0, 

and the sphere equation has to be added 



(3.54) 



\Z2 



+ \Z3\'^ + 1-24^ + ksP + keP + krP = 1- (3.55) 



In the following we use often the notation introduced in fl3.54p . for the 5*^(1) and 
moment map equations. By combining the equations fl3.54p and fl3.55p we get that 

+ = (3.56) 

+ (uiv)= = 0, 

that is, = ±iwe. As a direct consequence, we can rewrite the equations in fl3.54p as 



rri2 



and 

Sp{l) 



PiIm{z2Z-i) +p2lm{z4Z5) ±2p3\wq\'^ = 0, 
qiIm{z2Zs) + q2lm{ziZr,) ± 2g3|w;6p = 0, 

\z2? + ksp + + ksp - 2|w6p = 0, 

{Z2? + (^3)^ + {Z,f + {Z,f = 0. 

(3.57) 



Then, a direct computation shows that these equations describe the same submanifold 
generated by the intersection of the strata in f l3.5ip with N{Q). We get 



(3.58) 
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Hence dim {{Sfn N{n))/G) = dim {^Sf n N{n)/G) = 0, that is, each of the strata 
in (13.511) and (13.521) describes exactly a point on the twistor level. Since the strata in 
(I3.5ip are naturally included in those in (13.521) . it follows that they produce the same 
points on Z^{Q). □ 

3.2 The 3-Sasakian Orbifolds M^Q) 

As already mentioned in chapter two, in order to describe the singularities relative to 
the quaternion-Kahler orbifold 0^(f2), we study the singular locus of the 3— Sasakian 
orbifold M''(fi) and those one of Z^{Q). If we assume the hyphoteses of lemma 3.2, in 
particular 5fcc/(Ai2, A13, A23) = ±1, we have that the action of Sp{l)x Tq on 
N{Q) n {ui 7^ 0} is free, then the singularities on JvC{Q) come from the action of 
5*^(1) X on N{Q) fl {ui = 0}. Let us rewrite the fixed point equation (13. 8p as 
follows: 








—a 




— sin LUa 


cos cUq, — e ^ 


^ Z2a 


\ 






—a 







COS cJq — e 


sinUa 











—sin LUa 


cos UJa — 


e 





a 









v 


cos cJq, — e 


sin Ua 




a 


/ 




/ 





(3.59) 



where a G {1,2,3}. The following results hold 

Lemma 3.8 For each a G {1, 2, 3}, the matrix Mq, in {\JJ.5yi} is such that det = if 
and only if it holds either 

e'^- = Re{e) + i^/lm[eY + \a\^ or e"*^" = Rc{t) + i^/lm{e)^ + |(t|2. (3.60) 

Proposition 3.6 The solutions {z,w) of the eigenvalues problem in ( \3. 6 Oh are such 
that their quaternionic pairs are either contained in one of the following G-invariant 
sets and V^. 
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1) If e^^" = Re{e) + i^/I^^^{ej~+\of, then we have : V^" := {z2a, Z2a+i e C 

e"' ( - Z2a+1 + iZ2a COS (fi) c'^ {z2a + «^2a+l COS (fi) 



\Z2at Z2a+lt 



sirup 



2) If e~'^« = i?e(e) + ^^/Irr^{e)T\a^ , then we have : := {z2a, -Z2a+i e C 



e*'' (2;2a+l + iZ2a COS (yc) 6*^ (^2a " «^2a+l COS (^) 
i^2a) ^2a+l) ^ ; : j ^ ^ /) 



sin(p 



sm (p 



(3.61) 



where e — cos 9 + i{sin Ocos ip), a — sin 6sin (pcos 5 + i{sin Osin (fsin 5) — 
sin Osin (pe'^ and sinip ^ 0. 

The proofs parallel those of lemma 2.6 and proposition 2.9. Moreover, we have the 
next proposition 

Proposition 3.7 Consider the action of G on H^. Then it holds that the singularities 
relative to M,^{fl) comes from the intersection of N{fl) with the following strata on M'^ : 



1) 
2) 
3) 
4) 
5) 
6) 



T123 



Si' 



si' 



St 



■23 



Or) 



23 •" 



'^13 






Z2 


Z3 


Z4 


Z5 


Z6 


Z7 





W2 


W3 


W4 


W5 


We 


W-J 






Z2 


z-i 


Z4 


z-> 


Ze 


Z-J 





W2 


W-i 


W^ 


W5 


We 


W-j 





Z2 


zz 


Z4 


Z5 


Zq 


Zl 





W2 


Ws 


W4 


W5 


We 


Wi 





Z2 


Z3 


Z4 


Z5 


Ze 


Zl 





W2 


Ws 


W4 




We 


W-J 





Z2 


Z3 


Z4 


Z5 


Ze 


Zl 





W2 


W3 


W4 


W5 


We 


W-J 





Z2 


zs 


Z4 


Z5 


Ze 


Zl 





W2 


Ws 


W4 


W5 


We 


W-J 
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7) 



-o3 
^12 



S 



123 



where {w2a,W2. 



e 






Z2 


Z3 


Z4 


Z5 


Z6 







W2 


W3 


W4 


W5 




W-j 






Z2 


Z3 


Z4 




z% 


Zj 





W2 




W4 


W5 














COS (f 







sm ip ' sm tp 'J 

{^-Z2a + l-iZ2aCOS l/j) e^^ (^Z2c,-iZ2a + l COS -J | yjUfl sillip ^ 



sm ip 



sirup 



(3.62) 



0" r m 



Remark 3.4 By substituting the condition e*^° = Re{t) + i\jlm{t)'- 
equations f l3.59p . as solutions we get exactly {{z2a, Z2a+iiW2a,W2ct+i)} ■ Instead, by 
substituting in the equations (13.591) the condition e~*^" = i?e(e) + i\Jlm{eY + |crP, as 
solutions we obtain {{z2a-, Z2a+i-,W2a-,W2a+i)}- Then, by using together the relations 
(I3.60p and the fixed point equations (2.11) in [D], it follows that the fixed point 
equations for the points in the strata (13.621) become 



' gi(9i±e2) 
gi(9l±e3) 



^ iRe{e) + ja 



(3.63) 



sin 6i {n3W2— 

M2p + |M3p ' 



and the determinat associated to the subsystem of the first two equations coincides 
with one of the determinants Oi±3- □ 



Now, by using the computations we have done in chapter 2 with respect to the 
3— Sasakian manifold M^(0), we can compute the moment map equations for the 
subgroups Tq and Sp{l) on the strata listed in (I3.62p . Then we get: 

Proposition 3.8 Let us consider the G— strata S o/H^ listed in ( \3.62i) . Then, each of 
the singular G— strata S = S (1 N{Q) C N{Q) gives rise a singular point on the 3— 
Sasakian orbifold M^(f2). 
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Proof. Note that the strata Sl^, Sf, Sf, Sl^, Sj^ and Sj^ 

can be treated in the same 
way. Then, without loss of generality, we deal with the case of 5*3^ and we get 



Sp{l) 



Im{z2aZ2a+l) + COS (y? ( ZlLl ( 1^2^ P + \z2a+l\'^)) = 0, 
ELi ((^2«)^ + (^2.+i)^))=0, 
^ (^7)^=0. 



COS ip 



Im{zszr) 



The moment map equations of the 2— torus Tq become 

Y.l=lPa{'^Im{z2a+lZ2a) + {\z2a\'^ + \z2a+l\'^) COS (f) = 0, 
J2l=l1o,{'2Im(z2a+lZ2a) + {\z2a~l\^ + \z2a+l\^)cOS ip) = 0, 



rp2 



Im{zeZ7) + (|z6p + \z7\'^)cosip = 0, 



and 



rp2 



(3.64) 



(3.65) 



j:l=lPa{{z2a? + {z2^+l?)=0, 

El=lQa{{z2a? + iz2a+l?)=0, (3.66) 
(Z,)' + (Zr)' = 0. 

For each of the two system of equations in fl3.65p and fl3.66p . consider the subsystem 
given by the first three equations. These two subsystems have the same matrix of 
coefficients, whose determinant is A12 7^ 0. Then 



2Im{z2aZ2a+l) + {\z2a\'^ + \z2a+l\'^)cOS ip = 0, « G {1,2,3} 



(3.67) 



that is 

2Im{z2aZ2a+l) fiQ^ 
\Z2a\ -r \Z2a+l\ 

and 

{Z2af + {Z2a+lf = 0, (3.69) 

where a G {1, 2, 3}. In particular it holds that dim ((5*3^ fl N{Q)^ /G) =0, that is, the 
stratum S]^ yields one singular point on the orbifolds M''(fi). In order to study the 
cases 5*^^^, 5*123, we can consider just one of them. Consider 5*^^^. Then the fixed point 
equations become 
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Sp{l) 



Yfa=l {2Im{z2aZ2a+l) + COS (p{\z2a\'^ + \z2a+l\'^)) = 0, 
ELi((^2.)^ + (^2.-,i)^))=0. 



(3.70) 



For the in (2.118) becomes 

Y.l=lPa{'2Im(z2a+lZ2a) + i\z2a\'^ + | ^2a+l H COS = 0, 
Yll=lQ»{2Im(z2a+lZ2a) + (^20-1^ + \z2a+l\^)cOS (p) = 0, 
ELiP«((^2.)'+(^2.+i)') =0, 
I J:l=ll4{z2a? + {z2a+l?)=0, 



(3.71) 



Also in this case dim (( S^^^ fl A^(^^)) /G) =0, that is, each of the strata S^^^ and 5*123 
yields a singular point on the orbifolds M^(f2). □ 

3.3 Directions of future research 



Here, we give a list of the next natural steps in order to improve this work: 

(a) First, it would be interesting to compute some topological invariants, 

(b) describe locally some of these metrics as solutions of the SU{oo) Toda lattice 
equation 



(c) give a classification of this new orbifold's family as the one in the toric case. 
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